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PREFACE. 



IT is not necessary to make any long explanation as to 
the desirability of including Algebra in the list of 
Grammar School studies^. The advantages have been fully 
recognized by the leading educators of our country, and 
experience has abundantly proved that these advantages 
are real, and not merely thoretical. In the first place, 
pupils are enabled to anticipate some of the work formerly 
assigned to the High School course. Furthermore, many 
of the stumbling blocks of Arithmetic are rendered quite 
easy by applying the simple principles of Algebra. 

At the outset, the pupils should learn the notation of 
letters as used in Algebra, and the first chapter of this 
book leads up to this notation through the use of some 
simple examples. It is very important that the pupil 
should realize that the fundamental principles are the 
same as those that have been learned in Arithmetic. 

Equations in their various forms furnish a working 
basis for the simplification of many of the difficulties 
of Arithmetic. Accordingly, the next four chapters are 
devoted to the treatment of equations and their applica- 
tions to problems. In Chapter IV. the various problems 
of percentage and interest are considered; not only are 
these problems solved more easily by the use of formulas, 
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but in addition the pupil learns methods which are useful 
in many kinds of practical problems. In Chapter V. ratio 
and proportion are shown to be only special applications 
of equations. After a study of the processes of Algebra, 
equations are still further considered in Chapters XI., 
XV., and XVII. 

Chapter VI. introduces the pupil to negative quan- 
tities, and emphasis is laid upon the fact that negative 
quantites are just as real as positive quantities, and that 
they differ only in being opposite to each other. 

The remaining chapters take up the parts of Algebra 
that can be studied to advantage in Grammar Schools. It 
will be found that this book furnishes sufficient material 
to undertake practical applications in after life. Great 
care has been taken in the selection of examples in order 
to avoid those which would be over the heads of Grammar 
School pupils. At the same time, an abundance of ex- 
amples has been given in every case sufficient to enable 
a pupil to obtain a firm grasp on the subject under con- 
sideration. 

CHAELES A. HOBBS. 
Boston, July, 1906. 
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GRAMMAR SCHOOL ALGEBRA. 
CHAPTER I. 

INTRODUCTION. 

1. The fundamental principles of Mathematics are 
unchangeable. Many of the same principles and processes 
are found in Algebra that have previously been learned in 
Arithmetic. The signs +, — , X> -t-> and = are used with 
exactly the same meanings. 

In order to introduce the pupil to the notation of letters, 
which is the new part of Algebra, a few simple illustra- 
tions are here given. 

I. Find the sum of 8 apples and 6 apples. 

8 apples + 6 apples = 14 apples. If we use the letter 
a to designate apples, the example becomes 8 a + 6 a = 14 a. 
That is^ the sum of 8 a and 6 66 is 14 a. 

In the same way it can be shown that the difference be- 
tween 8 a and 6 a is 2 a. 

II. Find the sum of 8 apples and 6 bananas. 

Using a for apples and b for bananas, the result is 8 a 
+ 66. That is, the sum of 8 a and 66is8a+66; since a 
and b are not of the same kind, the result cannot be writ- 
ten in any simpler form. 

In the same way it can be shown that the difference be- 
tween 8 a and 6b is S a — 6b. 

(1) 
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III. Find the area of a rectangular field a rods long 
and h rods wide. 

The area is found by multiplying the length by the 
breadth. The result is written ab square rods. It is 
customary to omit the sign Xj and thus denote the product 
by writing one letter after the other. 

IV. Find the area of a square field which measures a 
rods on a side. 

Using the method of the preceding example, the result 
is aa square rods ; this may be expressed more briefly a^ 
square rods, a* denotes the product of two numbers each 
equal to a. 

In like manner, the volume of a cube which measures a 
feet on an edge is a' cubic feet. 

y. If a man earns a dollars in h days, how much does 
he earn in one day ? 

a -7- i is commonly written - ; hence the answer "is ^ 
days. 

2. Letters as used in Algebra are called quantities. 
The first and middle letters of the alphabet, as a, hj m, n, 
are used to denote values supposed to be known ; they are 
called known quantities. The last letters of the alphabet, 
as x,yyZy are used to denote values which are unknown 
and must be determined by the solution of a problem j they 
are called unknown quantities. 

Note. The Arabic numerals are known quantities. 

A known quantity placed before another quantity to 
show how many times that quantity is taken is called a 
coefficient. For example, in 8 a, 8 is the coefficient of a. 



INTRODUCTION. 3 

In 8 (jtXf 8 may be considered the coeflBcient of ax, or 8 a 
may be considered the coefficient of x. 

Note. The numerical coefficient 1 is usually omitted, and la is 
usually written a. 

When several quantities are multiplied together, the 
result is called the product, and each separate quantity is 
called a factor of the product ; thus, 8, a, and x are the 
factors of 8 ax. Factors expressed by numbers are called 
numerical factors; those expressed by letters are called 
literal factors. 

The product obtained by using a quantity any number 
of times as a factor is called a power of the quantity. The 
number of times the quantity is to be used as a factor is 
denoted by a small figure or letter, called an exponent, or 
index, placed a little above and at the right of the quantity. 

Note, a^ is read a Becond, or a square ; a^ is read a third, or a 
cube ; a* is read a fourth; and so on. When no exponent is given, 
the exponent 1 is imderstood. 

If a quantity is the product of any number of equal 
factors, one of these factors is called a root of the quan- 
tity. If there are two equal factors, the root is called the 
square root, and is indicated by the radical sign, -yj ; thus, 
y/a denotes the square root of a. To indicate any other 
root, a little figure is placed in the opening of the sign ; 
thus, ^a denotes the third root or cube root of a. 

3. Any collection of algebraic symbols is called an 
algebraic expression. 

An algebraic expression in which the symbols are not 
connected by the sign -f- or — is called a term ; as 5 a% or 

An algebraic expression containing only one term is 
called a simple expression, or monomial. 
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An algebraic expression containing two or more terms is 
called a compound expression, or polynomial. A polynomial 
of two terms is called a binomial, and a polynomial of three 
terms is called a trinomial. For example, 8 a — 6b is a bi- 
nomial ; 8 a — 6 ^ -h"c* is a trinomial. 

Terms preceded by the sign^ + are called positive terms ; 
terms preceded by the sign — are called negative terms. 

Note. If a monomial or the first term of a polynomial is posi- 
tive, the sign + is usually omitted before it. 

When terms contain the same letters, and each letter has 
the same exponent in every term, they are called similar 
terms, or like terms ; thns, 5 a^bc^, a^bc^, and — 3 a^bc^ are 
similar terms. When terms contain different letters, or 
the same letters with different exponents, they are called 
dissimilar terms, or unlike terms ; thus, 3 ab and 4 ac, and 
3 a^b and 4a'6', are pairs of dissimilar terms. 

The number of literal factors of a term is called the 
degree of the term. For example, 3 a is of the first de- 
gree ; 4 abc is of the third degree ; 5 a^bc^, that is, 5 aabccc, 
is of the sixth degree. 

The degree of a polynomial is the same as the degree of 
its term which is of the highest degree. 

A polynomial is said to be arranged according to the de- 
scending powers of any letter when the first term contains 
the highest power of that letter, the second term contains 
the next highest power, and so on; any terms not contain- 
ing that letter are put last. If the terms are arranged in 
the reverse order, they are said to be arranged according 
to the ascending powers of the letter. For example, the 
polynomial a* — 2 x^y — 5 xy^ -f- 4 1/' is arranged according 
to the descending powers of x and according to the as- 
cending powers ot y. 
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4. When a compound expression is used as a whole, it 
is enclosed in parentheses. For example, a — (6+ c) in- 
dicates that the sum of h and c is to be subtracted from o. 
Brackets, hra>ces, and the vinculum are also used i n tiie 
same manner; thus, a — [6 + c], a — 16 + c(, and a^b+c. 
These signs are known as the signs of aggregation, 

I. Simplify 9+ (6+ 2). 

This means that 6 + 2 is to be added to 9. When 6 is 
added to 9, the sum is 9+6, or 15. When a number 2 
more than 6 is added to 9, the sum is 2 more than before, 
and the result is 9 -f 6+ 2, or 17. Hence 9+ (6+ 2) = 
9+6+2. 

II. Simplify 9+ (6 -2). 

The result is 2 less than when 6 is added to 9. Hence 
9+ (6 -2) = 9+6-2. 

III. Simplify 9- (6+2). 

This means that 6+ 2 is to be subtracted from 9. If 6 
is subtracted from 9, the remainder is 9 — 6, or 3. When 
a number 2 more than 6 is subtracted from 9, the remain- 
der is 2 less than before, and the result is 9 — 6 — 2, or 1. 
Hence 9 - (6+2) = 9-6-2. 

IV. Simplify 9 - (6 - 2). 

The result is 2 more than when 6 is subtracted from 9. 
Hence 9 - (6 - 2) = 9 - 6+ 2. 

Letting a, b, and c represent any three numbers, a simi- 
lar investigation gives the following results : 

^^ (b+ c) = a + ft + (J, 

a+ (b—c) = a-^- b — c, 

a— (b + c) = a — b—Cf 

a — {b — c) = a — ft+ c. 
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The principles for the removal of parentheses may be 
stated as follows : 

When parentheses preceded by the sign + ^^^ removed, 
the signs of the terms within the parentheses remain un- 
changed. When parentheses preceded by the sign — are 
removed, the sign of every term within the parentheses is 
changed. 

Conversely, any number of terms may be enclosed in pa- 
rentheses preceded by the sign + without any change of 
signs ; any number of terms may be enclosed in parentheses 
preceded by the sign—, provided the sign of every term 
thus enclosed is changed. 

Note. When the first term of an expression within parentheses 
has no sign before it, the sign -|- is understood. 

V. Simplify 3 (6 + 4). 

This means that 6 + 4 is to be multiplied by 3. When 
6+4, or 10, is multiplied by 3, the product is 30. If, 
however, we multiply 6 and 4 separately by 3, and add the 
products, we have 3 X 6+ 3 X 4 = 18 + 12 = 30. 

Since these two results are the same, 

3(6+4) = 3X6+3X4. 

VL Simplify 3(6-4). 

Using the same method of investigation as in the pre- 
ceding example, it may be shown that 

3 (6 -4) = 3X6-3X4. 
Using any numbers whatever, the principle remains the 
same. Hence a(b -{- c) = ab+ ac 

and a(b — c) = ab— ac 
Since the order of the factors is of no consequence, 
(b -\- c) a = ah -{- ac, 
and (h— c) a = ab — ac 
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5. To find the numerical value of an algebraic ex- 
pression when each letter has a particular value, it is 
necessary to substitute for each letter its particular value, 
and then perform the operations indicated. In compound 
expressions, care must be taken to simplify each term by 
itself before performing the operations of addition and sub- 
traction. 

I. If a = 4, 6 = 2, and c = 1, find the numerical value 
of (i), 3 ac ; (ii), 5 ab^c^, 

(i) 3 ac = 3 X 4 X 1 = 12. 
(ii) 5 a^»«c» = 5x4:X2«Xl' =5x4x8x1 = 160. 

II. If a = 5, ^ = 3, c = 1,^ and c? = 0, find the numeri- 
cal value of ah^^ 6 acd — (2 b* — i a). 

a^»2+6acrf-(2^>«-4a)=5x3*-|-6x5xlX0-(2x3«-4x5) 
= 5X9 + 6X5X1X0-(2X27-4X5) 
= 45 + 0- (54-20) 
= 45+0-34 = 11. 

EXAMPLES. 
If a = 1, i^ = 2, c = 3, c? = 4, and e = 0, find the nu- 
merical value of 

1. Sac. 3. 7&«. 5. 7bc^6. 7. ^b^c^d, 

2. 10 acd. 4 4a*cU 6. 2a^b^cW. 8. 4 a*c V. 

9. a+b+c. 15. b(c-^.d). 

10. 6a- ^-c. 16. 3a(2^-c). 

11. ab+Sc. 17. Sa-3(2c--d). 

12. Sa^b^-2c^ 18. 6b^'-e(a^+b^. 

13. a'+(b^+c'). 19. Sbc-.b(c-a). 

14. ac-{3b-d). 20. (b-ay+(b+af. 
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EXERCISES IN ALGEBRAIC NOTATION. 

6. It is essential that the beginner should learn as 
soon as possible to express the conditions of a problem in 
algebraic language. If any difficulty arises, it is well to 
consider what operation would be used in a similar arith- 
metical problem having numbers in place of letters ; then 
apply the same operation to the notation of letters that 
would be used with numbers. 

1. a is how much more than h ? 

2. What must be added to o to make d ? 

3. What number is 10 less than x ? 

4. By how much does 60 exceed x ? 

5. By what must 4 be multiplied to obtain y ? 

6. By what must 6 be divided to obtain z ? 

7. If one part of 21 is x, what is the other part ? 

8. If the sum of two numbers is s, and a is one of 
them, what is the other ? 

9.' If the difference of two numbers is d, and a is the 
smaller number, what is the larger number ? 

10. If the difference of two numbers is d, and b is the 
larger number, what is the smaller number ? 

11. The product of two numbers is m; if a? is one of 
the numbers, what is the other ? 

12. If d is the divisor, q is the quotient, and r is the 
remainder, what is the dividend ? 

13. Kobert has x marbles, and William has 10 more 
than Bgb^rt ; hpw many has William ? 
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14. A boy spends a cents for a pear and x cents for 
an orange ; how much money does he spend ? 

15. A man bonght a pounds of sugar, h pounds of 
coffee, and c pounds of tea ; how many pounds of groceries 
did he buy ? 

16. If John has 2x cents, and James has 5x cents, 
how many cents have both together? James has how 
many cents more than John ? 

17. A farmer, who owned 50 acres of land, sold 3 a; 
acres. How many acres did he then own ? 

18. A man earns m dollars a day and spends p dollars 
a Veek. How much does he save in two weeks ? 

19. If X is an odd integral number, what is the next 
larger odd integral number? The next larger integral 
number ? 

20. Find the perimeter of a rectangular field a rods 
long and h rods wide. 

21. How many cents are there in x dollars and y 
dimes ? 

22. If I spend d dimes from a purse containing h half- 
dollars and q quarter-dollars, how many cents have I left? 

23. If a yard of cloth costs x dollars, what is the cost 
of 5 yards ? Of c yards ? 

24. Find the cost in dollars of h books at c cents each. 

25. If n apples cost c cents, find the cost of p apples. 

26. If oranges are worth d cents a dozen, how much 
are x oranges worth ? 
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27. A man bought a acres of land for h dollars, and 
sold it so as to gain c dollars per acre. Find the selling 
price. 

28. If Henry is 12 years old, how old was he x years 
ago ? How old will he be y years hence ? 

29. A man was 30 years old » years ago; what is his 
present age ? 

30. A man is x years old and in m years he will be 
twice as old as his son. How old will his son be then ? 

31. If a man walks m miles an hour, how far will he 
walk in c hours ? 

32. If a man walks n miles an hour, how long will^it 
take him to walk p miles ? 

33. If k men can build a wall in h days, how long will 
it take one man to build it ? 

34. If a man can do a certain piece of work in a days, 
what part of it can he do in one day ? In c days ? 

35. A man bought a horse for x dollars, and sold it at 
a gain of 10%. Find the selling price. 

36. In trying to form a regiment into a solid square 
with X men on a side, it was found that there were 12 men 
over. How many men are there in the regiment ? 
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CHAPTER IL 

SIMPLE EQUATIONS. 

7. An expression of equality between two algebraic 
expressions is called an equation. Every equation is made 
up of two parts ; that which precedes the sign of equality 
is called the first member, and that which follows the sign 
of equality is called the second member. For example, in 
the equation 4 a; + 5 = 17, 4 a; + 5 is the first member, and 
17 is the second member. 

Equations are of two kinds : — identical equations and 
equations of condition. An identical equation, or identity, 
is one in which the expression of equality is true, no mat- 
ter what values are given to the letters ; thus, the equation 
a+b = b+ a is true for any values that may be given to 
a and b. An equation of condition is one which is true 
only for certain values of the letters ; thus, the equation 
4 a; -|- 5 = 17 is true only when x = 3. 

Note. Whenever the word equation is used alone, an equation 
of condition is meant. 

The common use of equations in Algebra is to obtain 
the values of the unknown quantities. 

An equation containing only the first power of x (or 
other unknown quantity) is called a simple equation, or an 
equation of the first degree. 

The operation of obtaining the value of the unknown 
quantity is called the solution of the equation, and the 
value of the unknown quantity is called the root of the 
equation. If the root is substituted for the unknown 
quantity, the equation becomes an identity, and the root 
is said to satisfy the equation. 
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8. The solution of equations depends upon certain self- 
evident truths, called axioms. 

1. Things equal to the same thing are equal to each 
other. 

2. If equals are added to equals, the sums are equal. 

3. If equals are subtracted from equals, the remain- 
ders are equal. 

4. If equals are multiplied by equals, the products are 
equal. 

5. If equals are divided by equals, the quotients are 
equal. 

6. Like powers or like roots of equals are equal. 

The principle of transposition of terms is founded upon 
Axioms 2 and 3. 

Let X -\- a = b. 

If the same quantity a is subtracted from both members 
of this equation, the remainders are equal, according to 
Axiom 3, and we have 

x-^-a—a^b — a. 

That is, x = b — a. 

Again, let aj — a = 6. 

If the same quantity a is added to both members of 
this equation, the sums are equal, according to Axiom 2, 
and we have 

X — a-^-a^sb-i-a. 

That is, aj = 6 4- a. 

In both cases we see that when a is removed from one 
member of the equation, it appears in the other member 
with its 3ign changed. It is evident that the principle 
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applies to any term of an equation. Hence, any term 
may he transposed from one side of an equation to the other, 
provided its sign is changed. 

If we transpose all the terms of the equation 
a — 05 == ^ — Cj 
we have c ^h = x — a. 

This is the same as « — a = c — ^. 

Hence, the signs of all the terms of an equation may be 
changed without altering the equality. 

Note. If a term occurs in both members of an equation wi^h 
the same sign, it may be removed from both without altering the 
equality. 

SOLUTION OF EQUATIONS. 

9. L Solve 6a; — 4 = 3aj + 6. 

Transposing the terms — 4 and 3 2, 

5x — 3x = 6 + 4. 
Uniting similar terms, 2 a; = 10. 

Dividing both members by 2, 05 = 5. 

Note. In any equation the terms must be transposed so that all 
the terms containing x shall be in the first member, and the other 
terms in the second member. 

II. Solve 6a; 4- 8 = 13a; — 6. 

Transposing, 605 — 13x = — 6 — 8. 

Changing the signs of all the terms, 

13x — 6x=6-h8. 
Uniting similar terms, 7 x = 14. 

Dividing both members by 7, as = 2. 

III. Solve 8 a; -11 -3 (a; + 3) = 2 (a; -4). 

Removing parentheses, So; — 11 — 3a; — 9 = 2a; — 8. 
Transposing, 8x — 3x — 2x = ll+9 — 8, 

Uniting similar terms, 3 x = 12. 

Dividing both members by 3, x^ 4. 
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If an equation becomes an identity when the value of x 
is substituted for «, the root is said to be verified. 

The verification of the three illustrative problems is as 
follows : 

I. 6a; — 4 = 3a; + 6. 

Whena;==5, 5X6 — 4=3X5+6 
25—4 = 15 + 6. 
21=21. 

IL 6aj+8 = 13a; -6. 

Whena; = 2, 6X 2-|-8 = 13 X 2 — 6, 
12 + 8 = 26 — 6. 
20 = 20. 

III. 8a; - 11 - 3 (a; + 3) = 2 (a; - 4). 

Whenx = 4, 8 X 4 — 11— 3(4 + 3) =2(4— 4). 
8X4 — 11 — 3X7=2X0. 
32 — 11 — 21=0. 
= 0. 

EXAMPLES. 
Solve the following equations : 

L a;+4 = ll. 11. a;+4a;-8 = 7. 

2. a;+3a; = 12. 12. 3 (2a; -3) = 7a; - 15. 

3. 5x-4 = 21. 13. 4(a; -3) =3(a;~4). 

4. 6a;-a; = 30. 14. 2a; = 13 — (2a; - 3). 

5. 3a;+4 = 2x+7. 15. 2(a; - 6) = -3(a;-l). 

6. 5a;+9 = 3a;+15. 16. 3 a;— (5 a;- 6) + 10=0. 

7. 4a;-3 = a;+9. 17. 3a; + 19-8(12-a;)=0. 

8. 4a;-9 = 19-3a;. 18. 3a; + 2a; - 6 = a;+ 14. 

9. 3 - 8a; = 60 -11a;. 19. 6 a; - 3 - 3a;=2a;+ 7. 
10. 2a;-ll==-7a;+34. 20. 2a;-(3-a;)= 7(a;-l). 
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21. 6-3«- (1 -5aj) = 26-a-. 

22. 3(x+5)+7(x+l) = S{x+4.). 

23. 2 (a; - 2) - 3 (x - 3) + 4 (a; - 4) + 8-0. 

24. a;-7(3ic-5) = 2(x+ 1) - 13 (9 - or) - 60. 

25. 8ar-4(5ar + 3) + 8(7 -5a-) + 476 = 0. 

26. 5ic- 11 -Sar+a; = 4ar-10+2ar-5a;-13. 

27. :r^+6a;-9 = a-2_7a; + 17. 

28. X (a;+ 5) - 10 = aj (a; - 1) + 8. 

29. a-2 - Gar+ 21 = .ar (a: - 2) - 5 (a; - 9) - 20. 

30. a;2-3a;-(a;»+4a;-3) =■ 22 - 5 (a; + 7). 

PROBLEMS LEADING TO SIMPLE EQUATIONS. 

10. Many arithmetical problems can be solved more 
easily by the use of equations than by the ordinary pro- 
cesses of Arithmetic. Denoting the required number by 
X, it is necessary in each problem to obtain from the given 
conditions two different expressions which represent the 
same thing. By making these two expressions equal, we 
have an equation, the solution of which gives the answer 
to the problem. If two or more numbers are required in 
any problem, let one of them be denoted by x or some 
multiple of x, and express the others in terms of x. 

I. Edward has four times as many books as Harold, 
and together they have 60. How many has each ? 

X = the number of bpoks Harold has. 
4 X = the number of books Edward has. 
a; + 4x = 60. 
6a; = 60. 

X = 12. ^ ( Edward, 48 books. 

4x = 48. 'i Harold, 12 books. 
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II. The difference of two numbers is 12, and their sum 
is 30. Find the numbers. 

X = the smaller number, 
x -(- 12 = the larger number. 
a5 + a;-hl2=30. 

a; + a; =30— 12. 
2x = 18. 

05 = 9. 

a; + 12 = 21. Ans. 9 and 21. 

Another solution. x = the larger number. 

X — 12 = the smaller number, 
x+x — 12 = 30. 

x-|-x=30 + 12.' 
2x = 42. 
x=21. 
x — 12 = 9. Ana. 9 and 21. 

III. The sum of two numbers is 44, and the larger is 
5 more than twice the smaller. Find the numbers. 

X = the smaller number. 
2 X + 5 = the larger number. 
x + 2x-h 5=44. 
x-|-2x=44 — 5. 
3x=39. 
x = 13. 
2 X + 6 = 31. Ana. 13 and 31. 

IV. A has $580, and B has $140. How many dollars 
must A give to B in order that he may have just twice as 

much as B ? 

X = the number of dollars A must give to B. 
580 — x = 2 (140 + x). 
580 — x = 280 + 2x. 
— X — 2x = 280 — 580. 
x-f 2x = 580 — 280. 
3x=300. 
X = 100. Ans. $100. 
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V. A is now foar times as old as B, bat in 6 years he 
will be only three times as old. Find the age of each. 

x=the number of years in B*s age. 
4 z = the nmnber of years in A's age. 
4x+6==3(x + 6). 
4a; + 6 = 3x + 18. 
4x— 3x = 18 — 6. 

X = 12. ^^^ ( A, 48 years. 

4x = 48. * ( B, 12 years. 

KoTE. Avoid letting x stand for such vague expressions as 
money, time, distance, etc. When the answer is to be a concrete 
number, always let x represent a number of units of some Icind, as 
dollars, years, miles, etc. In any problem, quantities of the same 
kind must be expressed in terms of the same unit. 



EXAMPLES. 

1. What number must be added four times to itself in 
order that the sum may be 120 ? 

2. The sum of two numbers is 315, and the greater is 
six times the less. Find the numbers. 

3. The difference of two numbers is 66, and the greater 
is four times the less. Find the numbers. 

4. The larger of two numbers is 9 more than the 
smaller, and their sum is 31. What are the numbers ? 

5. John is three times as old as Henry, and the sum of 
their ages is 24 years. What is the age of each ? 

6. How can $450 be divided between two men so that 
one shall have eight times as much as the other ? 

7. If to a certain number you add seven times the 
number, the sum is 36 more than five times the number. 
Find the number. 
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8. The sum of two numbers is 19 and their difference 
is 5. What are the numbers ? 

9. The difference between two numbers is 15, and four 
times the greater is equal to seven times the less. What 
are the numbers ? 

10. Find two numbers differing by 8 such that their 
sum shall be seven times their difference. 

. 11. Find two numbers differing by 20 such that five 
times the smaller shall be 7 less than twice the larger. 

12. A man had $128, and spent part of it; he then 
had three times as much as he had spent. How much did 
he spend ? 

13. Mary's mother gave her some money, and her 
father gave her twice as much. After spending 25 cents, 
she had 95 cents left. How much did she receive from 
each parent ? 

14. Carl has 4 more than twice as many marbles as 
Robert, and both together have 58. How many has each ? 

15. A has $580, and B has $390. How many dollars 
must A give to B in order that each may have the same 
amount ? 

16. A has $760, and B has $220. How many dollars 
must A give to B in order that he may have just three 
times as much as B ? 

17. A and B invest equal - amounts in business. A 
gains $840 and B loses $330 ; then A has twice as much 
as B. What sum did each invest ? 

18. A and B had the same amount of money. A gave 
B $60, and then B had twice as much as A. How much 
did each have at first ? 
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19. Two shepherds owned a flock of sheep. When 
they agreed to dissolve the partnership, A took 60 sheep, 
and B took 84 sheep and paid A $84. Find the value of 
one sheep. 

20. A man doubled his capital every year for 5 years, 
and then had $12800. What was his capital at first? 

21. A man bought a watch and chain for $90. The 
watch cost $2 more than ten times the price of the chain. 
Find the cost of each. 

22. A man sold a quantity of* eggs at 40 cents a dozen, 
and twice as many at 45 cents a dozen. The entire 
amount he received was $26. How many eggs of each 
kind did he sell ? 

23. A boy bought a bat and a ball for $1.50, paying 
five times as much for the ball as for the bat. How much 
did he pay for each ? 

24. Find three consecutive numbers whose sum is 51. 

25. Divide 135 into three parts such that the second 
shall be 10 more than the first, and the third 10 more than 
the second. 

26. The sum of three numbers is 60. The first is 9 
more than the second, and the third is 6 less than the first. 
Find the numbers. 

27. The sum of three numbers is 174. The second is 
twice the first, and the third is equal to the sum of the 
other two. Find the numbers. 

28. Three brothers have birthdays 2 years apart, and 
their united ages amount to 48 years. Find their ages. 
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29. A boy paid 64 cents for an equal number of apples, 
pears, and oranges. The apples were 1 cent each, the 
pears 2 cents each, and the oranges 5 cents each. How 
many of each did he buy ? 

30. A man paid $20 for a suit of clothes. He paid 
three times as much for the trousers as for the vest, and 
twice as much for the coat as for the trousers. How much 
did he pay for each garment ? 

31. A man paid a bill of $2.55 in quarters and dimes, 
using three times as many quarters as dimes. Find the 
number of coins of each kind. 

32. A room is 28 feet long, which is 2 feet more than 
twice the width. How wide is the room ? 

33. A rectangular field is twice as long as it is wide, 
and the perimeter is 72 rods. Find the length and the 
breadth. 

34. A man is three times as old as his son, and his son 
is 6 years older than his daughter. If the sum of their 
ages is 64 years, find the age of each. 

35. Frank is 16 years old, and he is 2 years less than 
twice as old as his sister. How old is his sister ? 

36. A man 36 years old has a son 8 years old. In how 
many years will the father be twice as old as the son ? 

37. A man is four times as old as his son, but 4 years 
hence he will be only three times as old. Find the age of 
each. 

38. A is 44 years older than B, and A's age is as much 
above 60 years as B's age is below 40 years. Find the age 
of each. 
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CHAPTER III. 

FRACTIONAL EQUATIONS. 

11. I. Solve J a;-6 = i a; + 8. 

Transposing, |x — Jcc = 8-|-6. 

Uniting similar terms, ^ x = 14. 

Dividing both members by ^ , x = 30. 

This equation can be solved more simply by using the 
process known as clearing of fractions. 

L Solved -6 = ^+S. 
o o 

Multiplying both members by 15, 

12 a; — 90 = 6x + 120. 
Transposing, 12 x — 5 x = 120 -|- 90. 

Uniting similar terms, 7 x = 210. 

Dividing both members by 7, x = 30. 

3x X 

Note 1 . } x and \ x are the same as -j- and -. The latter method 

of writing these terms is the more common. 

Note 2. Always take the least common multiple of the denom- 
inators for the multiplier. In multiplying a fractional term, divide 
the multiplier by the denominator of the fraction and multiply the 
numerator by the quotient thus obtained. 

XL Solve-^j __=!+___. 

Multiplying both members by 12, 

3 X -f 27 - 44 -f 16 X = 12 + 14 X -h 26. 
3x-|-16x-^14x = 12-1-26 — 27+44. 
5x = 65. 
x = ll. 
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Note. The fraction — 5 isthesame as } (11— 4«). Hence, 

if a fraction is preceded by a minus sign, the sign of every term of 
the numerator must be clianged when the denominator is removed 
in the process of clearing of fractions. 

EXAMPLES. 

Solve the following equations : 

1. | + 3* = 30. 11. x-l+l = l + i. 

2. 20.-1 = 15. 12. Ll_if = l^ + 10. 

« x.x ., a + 1 3a! — 6 9x 

3- 6 + 4 = 1»- 13. _^ + _g_ = _. 

4. * ^ = 2. 14. * - ?Jll = a; - 10. 
4 6 4 11 

5. .+ 1 + 1 = 22. 15. 3. = ?i^-^^. 

6. |-8=f-4. 16. 5^-lI+f=3a!-ll. 

7. 1+1-1 = 33. 17. 2. + ^3£=i2-^. 
ft 305 7a; a; - 4 x- 5 x-9 

a; a; a; «-l 6x-7 16-2aj 
*• 2 + 3 + 4=^^*- ^^' ~5 12"-~~3~' 

10. 2. +^-^==23. 20. ^+^2 = ^%8. 

rt, a? cc — 6 4a; — 9 

*^- 9+-^- = *-— r- 

22. J(2-a;) -^(3a!+21) = 4-2a;. 

23. i(3a;-l)-i(2a!+l) + H3«+4) = 6. 
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24. i(a^+l)-i(^+2) = |(3rc-2). 

25. i(^ + 3)-J(^-2) = ^(3x-5)+i. 

PROBLEMS LEADING TO FRACTIONAL EQUATIONS. 

12. I. The difference between two numbers is 6, and 

^ of the larger is 9 more than ^ of the smaller. What 

are the numbers ? 

X = the smaller number. 
X -|- 6 = the larger number. 

5x-|- 30 = 20; -1-90. 
5x — 2x = 90 — 30. 
3x=60. 
x = 20. 
X -I- 6 = 26. -4n«. 20 and 26. 

EXAMPLES. 

1. What number must be added to J of itself in or- 
der that the sum may be 42 ? 

2. If J of a number is added to \ of the same number, 
the sum is 72. What is the number ? 

3. What number is that, \ of which exceeds \ of it 
by 21? 

4. The sum of two numbers is h^y and the smaller 
number is | of the larger. What are the numbers ? 

5. The difference between two numbers is 20, and the 
smaller number is | of the larger. What are the numbers ? 

6. The difference between two numbers is 16 ; if the 
larger is divided by the smaller, the quotient is 3. What 
are the numbers ? 

7. The sum of two numbers is 84, and \ of the larger 
is equal to | of the smaller. What are the numbers ? 
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8. If to J of a certain number you add J of the same 
number, the sum will be 3 more than ^\ of the number. 
Find the number. 

9. If from twice a number I subtract J of the number 
and 5, the remainder is 150. What is the number ? 

10. The sum of J and ^^ of a number is 10 less than 
the number itself. What is the number ? 

11. The sum of J and ^ of a certain number is 2 more 
than three times the difference between J and | of the 
number. What is the number ? 

12. Divide 70 into two parts such that if one part be 
divided by 7 and the other by 4, the sum of the quotients 
shall be 13. 

13. Find two consecutive numbers such that ^ of the 
larger shall be 2 more than ^ of the smaller. 

14. A man sold a cow for $72, and gained J of what 
the cow cost. Find the cost. 

15. A boy lost f of his money, and had 40 cents left. 
How much did he have at first ? 

16. A horse and carriage together cost $300, and the 
carriage cost § as much as the horse. Find the cost of each. 

17. A boy spent f of his money one day, and ^^ of it 
the next day, and then had 35 cents left. How much did 
he have at first ? 

18. A man paid | as much for a cow as for a horse, and 
the price of the cow added to ^ of the price of the horse 
was $85. Find the price of each. 

19. John has 9 more than \ as many cents as Henry, 
and together they have 57 cents. How many cents has 
each? 
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20. Divide $125 between two men so that J of the 
amount received by the first shall be equal to f of the 
amount received by the second. 

21. B has f as much money as C, and A has | as much 
as B; together they have f76. How much has each? 

22. A has $210, and B has $180. A gives B a certain 
sum and then has | as much as B. What is the sum ? 

23. A man spends every year $150 more than ^ of his 
salary. If he saves $1200 in 3 years, how much is his 
salary ? 

24. How can $400 be divided among three persons so 
that the second shall have $20 more than J as much as the 
first, and the third $10 more than ^ as much as the second ? 

25. The length of a rectangular field is 1| times its 
breadth, and the perimeter of the field is 88 rods. Find 
the length and the breadth. 

26. The width of a room is f of its length. If the 
length had been 4 feet less, and the width 4 feet more, the 
room would have been square. Find the length and the 
breadth. 

27. Edith is ^ as old as Sarah, and the sum of their 
ages is 27 years. Find the age of each. 

28. Jane is § as old as Mary, and the difference be- 
tween their ages is 6 years. Find the age of each. 

29. Rachel is 3 years older than Helen. If j of Helen's 
age is added to Rachel's age, the sum is 24 years. Find 
the age of each. 

30. George is J as old as James, and 8 years ago he 
was f as old. Find the age of each. 



26 GRAMMAR SCHOOL ALGEBRA. 

CHAPTER IV. 

DECIMAL EQUATIONS. 

13. I. Solve .7 aj - 4 = .417 aj - .23 x + 4.208. 

Transposing, .7 « — .417 a + .23 a = 4.208 -f- 4. 
Uniting similar terms, .513 x = 8.208. 

Dividing both members by .613, x = 16. 

The equation can also be solved by expressing the deci- 
mals as common fractions. 

I. Solve .7 a - 4 = .417 a - .23 aj + 4.208. 

Expressing the decimals as common fractions, 

7x__ 417x__23x ■ 4208 
10 1000 100 "*" 1000 

Multiplying both members by 1000, 

700 X — 4000 = 417 x — 230 x -|-4208. 
Transposing, 700 a; — 417 x -|- 230 x = 4208 -|- 4000. 
Uniting similar terms, 513 x = 8208. 

Dividing both members by 513, x = 16. 

EXAMPLES. 

Solve the following equations : 

1. cc + .06 a; = 848. 

2. 20aj + 1.2 = 50a:. 

3. .25a;~.125aj = 1.5. 

4. .5 a; = .07 a; +1.29. 

5. 2.25aj + .125 = 3a:-4. 

6. .6 a; - .01 x + .005 x = 47.6. 
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7. .42 X - 3.04 = .09 aj - 2.842. 

8. .625 X - 2.875 = .14 a; + 2.945. 

9. .7a;+4--.25a; = .3aj+7. 

10. .4 a - .4 - .04 aj == .516 x - 1.18. 

PERCENTAGE. 

14. I. Find 15% of 240. 

240 X. 15 =36. 

In the above example, 240 is the base, .15 is the rate 
per cent, and 36 is the percentage. In all such examples, 
the percentage is equal to the product of the base and the 
rate per cent. If p, ^, and r are used to denote respectively 
percentage, base, and rate per cent, p = br. 

Note. A rule stated in the form of an equation is called a 
formula, 

IT. A clerk spends $864 a year, which is 72% of his 
salary. What is his salary ? 

X = the numher of dollars in the salary. 
p = 864, 6 = X, and r = .72 ; hence according to the formula p = 6r, 

864 = XX. 72. 
Changing the order of the memhers, 
.72x=864. 

x = 1200. ^n«. $1200. 

III. A man bought a horse for $250, and sold it for 
$280. What per cent did he gain ? 

X = gain per cent. 
250 -h 250 x = 280. 

250x = 280 — 250. 
250x = 30. 

x = .12. Ana,\2% 
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IV. A man makes two investments amounting together 
to $2000. On one investment his income is at the rate of 
6%, and on the other 4%; the total income is $110. Find 
the amount of each investment. 

X = the number of dollars hivested at 6%. 
2000 — X = the nmnber of dollars invested at 4%. 
.06 a; + .04 (2000 — X) = 1 10. 
.06X+80 — .04x = 110. 

.06x — .04x = 110 — 80. 
.02x = 30. 

x = 1600. ^ ($1500 at 6%. 

2000 — x = 500. * 1 $500 at 4%. 



EXAMPLES. 

1. A clerk has a salary of $1200, and pays 15% of it 
for house rent. What rent does he pay ? 

2. A boy's age is 60% less than his father's age, and 
his father is 40 years old. Pind the boy's age. 

3. A man weighs 90% more than when as a boy he 
weighed 80 pounds. What is his weight ? 

4. If a house worth $3500 rents for $280 a year, 
what per cent of its value is the rent ? 

5. A clerk has a salary of $1400, and his expenses 
for a year amounted to $1008. What per cent of his sal- 
ary did he save ? 

6. A house which cost $4600 was sold for $5400. 
What per cent was gained ? 

7. In a certain school there are 195 girls, and the 
number of girls is 60% of the total number of pupils. 
How many pupils are there in the school ? 

8. A collector, who charges 8% commission, remits 
$713 to his employer. How much did he collect ? 
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9. A boy sold a book for $1.10, and thereby lost 12%. 
Find the cost of the book. 

10. The sum of two numbers is 85, and one is 30% less 
than the other. What are the numbers ? 

11. The difference between two numbers is 30, and one 
is 257o more than the other. What are the numbers ? 

12. The ages of two sisters together amount to 32 
years, and the age of the younger is 60% of the age of the 
older. Find the age of each. 

13. A and B gain in business f 5040, of which A is to 
have 10% more than B. What is the share of each ? 

14. Two farmers together own 495 acres of land, and 
one farm is 20% smaller than the other. Find the size of 
each farm. 

15. A man bought three horses for $730. The second 
horse cost 20% more than the first, and the third horse cost 
28% less than the first. What was the cost of each ? 

16. $618 includes a sum to be invested and a commis- 
sion of 3% of the sum to be invested ; what is the sum ? 

17. A commission merchant receives $1230 to invest 
after deducting his commission of 2^%. What sum can he 
invest ? 

18. A commission merchant received a sum of money 
to invest after deducting his commission of 2J%. He in- 
vested $1360. What was the sum he received? 

19. A man bought two horses at the same price. He 
sold one at a gain of 25% and the other at a gain of 20%, 
receiving $294 for both horses. How much did he pay 
for them ? 
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20. A man sold a horse for 25% more than he paid for 
it. The buying and selling prices together amounted to 
4(315. Find the cost. 

21. A man invests one-half of a certain sum at 5% and 
the other half at 4%, and receives an income of $108. 
Find the sum invested. 

22. A man invests one-third of a certain sum at 5% and 
the remaining two-thirds at 4^7e, and receives an income of 
$140. Find the sum invested. 

23. A man loaned $1000, part at 6%, and the rest at 
5%. The yearly interest amounted to $57. Find the 
amount loaned at each rate. 

24. A has a certain sum of money invested at 5%, and 
B has $800 less invested at 6%. A's income is $30 more 
than B's. Find the amount of each investment. 

25. A man invests $1500 in two parts. At the end of 
a year he finds that he has gained 20% on one investment, 
but has lost 6% on the other, and that the value of both is 
$1566. Find the amount of each investment. 



INTEREST. 

15. In the percentage examples considered in the pre- 
ceding section, no reference has been made to time. The 
interest of a sum of money for one year is a simple case 
of percentage ; for any given number of years, the interest 
for one year must be multiplied by the number of years. 
If i, p, Ty and t are used to denote respectively interest, 
principal, rate per cent, and time (in years), i = prt. The 
amount is the sum of the principal and the interest ; de- 
noting the amount by a, a =2? -I- *, or a =^ -|- prt. 



-^ 
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I. How long must $1330 be on interest at 7% to gain 
$325.85 ? 

X = the number of years in the time, 
i = 325.85, j) = 1330, r = .07, and t = x; hence according to the 
formula t=prt, 

325.85 = 1330 X. 07 Xx. 
Performing the multiplication indicated, and changing the order 
of the members, 

93.1 x = 325.85. 

X =5 3.5. Ans, 3 years 6 months. 



II. Find the principal which will amount to $1675 in 
2 years 4 months at 5%. 

X = the number of dollars in the principal. 
a = 1675, p = X, r = .05, and ts=2^', hence according to the formula 
a=p + prt, 

1675 = a -f-ccX. 05X21. 
Performing the multiplication indicated, and changing the order 
of the members, 

jc-h. Ufa = 1676. 

8x + .35x = 5025. 

3.35 a; =5025. 

x = 1500. ^iw. $1500. 



EXAMPLES. 

1. Find the interest of $850 for 4 years at 5%. 

2. Find the interest of $1275 for 2 years 9 months at 

4%. 

3. Find the amount of $1500 for 5 years 6 months at 

4. At what rate per cent must $370 be placed on in- 
terest to gain $55.50 in 3 years ? 

5. Find the rate per cent when the interest of $720 
for 3 years 6 months is $113.40. 
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6. At what rate per cent must 4(760 be loaned to 
amount to 4(881.60 in 2 years 8 months ? 

7. At what rate per cent will $900 amount to $954 in 
9 months ? 

8. At what rate per cent will a sum of money double 
itself in 12 years 6 months ? 

9. How long must $180 be on interest at c5^% to gain 
$99? 

10. How long must $908 be on interest at 3J% to gain 
$79.45 ? 

11. How long must $570 be on interest at 6% to amount 
to $855 ? 

12. In what time will $1360 at 4% amount to $1455.20 ? 

13. In what time will a sum of money double itself at 

6%? 

14. What principal wiU produce $51 interest in 4 years 
at6%? 

15. What principal will yield an interest of $339.20 in 

5 years 4 months at 6% ? 

16. What principal at 5% will yield $12.50 interest in 

6 months ? 

17. What principal will produce $349.32 interest in 3 
years 5 months at 6% ? 

18. What sum of money put at interest at 7% will 
amount to $960 in 4 years ? 

19. What principal will amount to $780 in 3 years 9 
months at 8% ? 

20. What principal will amount to $1312.50 in 8 
months at 7 J% ? 
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CHAPTER V. 

RATIO AND PROPORTION. 

16. The relation between two quantities, as expressed 
by division, is called their ratio, and the two quantities 
are called the terms of the ratio. 

The sign of .ratio is the colon (;), which is the division 
sign with the line omitted. Ratio may also be expressed 
in the form of a fraction. For example, the ratio of a to 

h is written a : 6 or -. 



When a number is applied to some particular object or 
objects, it is called a concrete number ; when not applied to 
any object, it is called an abstract number. For example, 
4 and 7 are abstract numbers, but 4 boys and 7 feet are 
concrete numbers. 

In order to write the ratio of two concrete numbers, 
they should both be expressed in terms of the same unit. 
Such a ratio is equal to the ratio of the corresponding ab- 
stract numbers. For example, 7 feet : 11 feet equals 7 : 11. 

An expression of equality between two ratios is called a 
proportion. For example, a\h ^=c\d signifies that the ratio 
of a to ft equals the ratio of c to d. It is read " a is to 6 
as c is to d.'* 

Note. This proportion may be written a : 6 : : c : d, the sign of 
equality being replaced by a double colon (:: ), 

The first and fourth terms of a proportion are called 
the extremes, and the second and third terms are called the 
means. 
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Writing the proportion a:b = c:d in the fractional form, 
a c 

we see that a proportion is merely a fractional equation. 

Clearing of fractions, ad = he. 

That is, in any proportion the product of the extremes 
equals the product of the mearis. 

I. Solve the proportion 12:15 = x: 35. 

Making the product of the means equal to the product of the 
extremes, 

16x=s420. 
x=28. 
The numerical part of this example may be simplified by can- 
cellation. 

16 a; = 12X35. 











X- ^^ -28. 

g 














EXAMPLES. 








Solve the following proportions : 










x: 


;54 


= 20; 


:72. 


6. 


17; 


;37 = 


x: 


;269. 


60; 


■,x 


= 35; 


;63. 


7. 


96; 


;36 = 


56 


:x. 


120; 


;84 


= x: 


;36. 


8. 


x: 


12 = 


39; 


;13. 


25 


-.55 


= 20 


:x. 


9. 


45; 


:x = 


69; 


;46. 


72; 


iX 


= 60; 


;15. 


10. 


99; 


;18 = 


132; 


•,x. 



1. 

2. 
3. 
4. 
5. 

PROBLEMS LEADING TO PROPORTIONS. 

17. I. If 12 yards of silk cost $33, how many yards 
can be bought for $55 ? 

X = the number of yards bought for $55. 
The cost varies as the number of yards ; that is, the ratio of the 
number of yards equals the ratio of the cost. 
12: x = 33: 56. 
33x=660. 

X = 20. Ans, 20 yards. 
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IT. If 8 men can do a piece of work in 15 days, how 
long will it take 10 men to do the same work? 

X = the number of days it will take 10 men. 
Since more men can do the work in less time, the time varies in- 
versely as the number of men, and the second ratio must be written 
in the inverse order of the first. 

8:10 = a;:16. 
10 a; = 120. 

X = 12. Ans. 12 days. 

EXAMPLES. 

1. If a man earns $15 in 6 days, how much will he 
earn in 16 days ? 

2. If the rent of 36 acres of land is f 84, how many 
acres can be rented for $U0 ? 

3. If 18 barrels of flour last a garrison 8 weeks, how 
long will 63 barrels last ? 

4. If 12 men can do a piece of work in 14 days, how 
many men will it take to do it in 4 days ? 

5. When $120 is paid for 16 barrels of flour, what 
will 26 barrels cost ? 

6. If 36 bushels of wheat make 8 barrels of flour, 
how many bushels of wheat will be required to make 50 
barrels ? 

7. If 8 men can build a wall 14 rods long in a day, 
how long a wall will 26 men build in the same timfe ? 

8. If a train runs 225 miles in 6 hours, how long will 
it take it to run 150 miles ? 

9. If an electric car runs 5 miles in 24 minutes, how 
far will it run in 3 hours ? 

10. A field can be mowed in 4 days of 10 hours each; 
how many days of 8 hours each will it take ? 
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11. If 16 men can reap a field in 9 days, how long 
would it take when 4 men refuse to work ? 

12. if 30 acres of land produce 480 barrels of wheat, 
how many acres are necessary to produce 1200 bushels? 

13. A man has enough hay to keep 5 horses 4 months. 
How long will it last if he buys 3 more horses ? 

14. If a tap discharging 6 gallons a minute empties a 
cistern in 6 hours, how long will it take a tap discharging 
4 gallons a minute to empty it ? 

15. When a pole 15 feet high casts a shadow 6 feet 
long, how long a shadow will be cast by a steeple 165 feet 
high? 

16. When a boy 5 feet in height casts a shadow 4 J feet 
long, what is the height of a tree that casts a shadow 36 
feet long ? 

17. If 25 yards of silk 18 inches wide are required for 
a dress, how many yards of cloth 30 inches wide would be 
required for a similar dress ? 

18. A circle 22 inches in circumference has a diameter 
of 7 inches. Find the diameter of a tree whose circum- 
ference is 16J feet. 

19. If a hill 960 feet high is represented by a drawing 
4 inches high, what height on the same scale will repre- 
sent a mountain 6000 feet high ? 

20. If the interest of $1500 is $60, what will be the 
interest of $2200 for the same time at the same rate ? 

21. If $240 yields $45 interest, how much must be 
invested to yield $150 in the same time at the same rate? 

22. If the interest of $2000 at 4^% is $135, at what 
rate per cent will it gain $180 in the same time ? 
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18. If the ratio of two unknown quantities is repre- 
sented by a\h, the quantities may be expressed by ax 
and hx, 

I. Two numbers have the same ratio as 3 and 5, and 
their sum is 152. What are the numbers ? 

3 X = the smaller number. 
6 x = the larger number. 
3a; + 5a; = 152. 
8 a; = 152. 
a; = 19. 
3x=57. 
5 ic = 95. Ans, 57 and 95. 

Another aolution, x = the smaller number. 

152 — x = the larger number. 
X :152 — a; = 3:5. 

5x = 3(152 — ic). 
5x = 456-3x. 
5a:-|-3a; = 456. 
8 a: = 456. 
a =57. 
152 — a; = 95. Ans. 57 and 95. 



EXAMPLES. 

1. Two numbers have the same ratio as 5 and 8, and 
their sum is 182. What are the numbers ? 

2. Two numbers have the same ratio as 4 and 9, and 
their difference is 35. What are the numbers ? 

3. Coffee is mixed in the ratio of 2 pounds of Java 
to 1 pound of Mocha ; how much of each kind is there 
in a mixture weighing 45 pounds ? 

4. An alloy contains 13 parts of copper to 7 parts of 
zinc; how much of each metal is contained in 330 pounds 
of the alloy? 
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5. A and B hired a pasture for $56. A put in 6 
horses and B put in 10 horses. How much of the rent 
ought each to pay ? 

6. A's age is to B's age as 7 to 9, and the difference 
of their ages is 8 years. Find the age of each. . 

7. Separate 180 into three parts which shall be to 
each other as 2, 5, and 8. 

8. The sides of a triangle are to each other as 3, 4, 
and 5, and the perimeter is 240 feet. Find the length of 
each side. 

9. A. father divided $6720 among his three sons in 
parts proportional to their ages, which were 13 years, 15 
years, and 20 years. How much did each receive? 

10. Divide 84 into three parts, such that the first is to 
the second as 3 is to 4, and the third equals the sum of the 
other two. 

11. The sum of three numbers is 325. The first is to 
the second as 4 is to 7, and the third is twice the second. 
Find the numbers. 

12. Find two numbers in the ratio of 2 to 3, such that 
when each is increased by 5, they shall be in the ratio of 
3 to 4. 

13. The ages of two persons are in the ratio of 6 to 6, 
and 12 years ago they were in the ratio of 3 to 4. Find 
their ages. 

14. Two numbers are to each other as 7 is to 5. If 9 
is added to the greater and subtracted from the less, the 
sum of the resulting numbers is to their difference as 17 is 
to 7. Find the numbers. 

15. What number must be added to each term of the 
ratio 23 : 29 in order that it may be equal to 5:6? 
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CHAPTER VI. 



POSITIVE AND NEGATIVE NUMBERS. 



19. In §3 we have learned that terms preceded by the 
sign + are called positive terms, and terms preceded by 
the sign — are called negative terms. In other words, a 
term which is to be added is a positive term, and a terra 
which is to be subtracted is a negative term. Since addi- 
tion and subtraction are opposite operations, the signs + 
and — are opposite in their nature. 

In Arithmetic the signs + and — are used to denote 
addition and subtraction respectively. In 
Algebra they continue to be used as signs of 
operation, and they are also used to distin- 
guish quantities opposite in nature or quality. 
A quantity preceded by the sign -f is called a 
positiye quantity, and a quantity preceded by 
the sign — is called a negative quantity. 

KoTE. If a quantity has no sign before it, the 
sign -f- is understood. The sign — is never omitted. 

The idea of opposition can be very well 
illustrated by reference to a thermometer. 
The numbers above the zero mark are con- 
sidered positive and those below the zero 
mark are negative. On a warm day in sum- 
mer, the mercury may stand at 90° above 
zero; on a cold winter morning, it may stand 
at 10° below zero. The former is a positive 
quantity, and we write it +90°, or simply ^ ^^ 
90°; the latter is a negative quantity, sind we write it 
^10°, 
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Among other illustrations of the opposition of positive 
and negative quantities may be mentioned the following : 
if distance east of a given point is considered positive, 
distance west of the same point is negative ; if north lat- 
itude is considered positive, south latitude is negative; if 
money re«eived is considered positive, money paid out is 
negative. Thus we see that negative quantities are just 
as real as positive quantities. 

In general, a quantity which when combined with a 
quantity under consideration will increase its value is con- 
sidered a positive quantity, and a quantity which will sim- 
ilarly decrease its value is considered a negative quantity. 
It must be remembered, however, that in all cases it is a 
matter of conventionality as to which of two quantities 
opposite in nature shall be considered positive and which 
negative. 

One of the best ways to obtain a good understanding of 
the relation between positive and negative quantities is 
f6und in the study of a horizontal line divided into equal 
spaces, each space representing a unit. 

I I M I M M (I I I I I I I M 

BOA 

Let O denote the zero point. Then the spaces to the 
right of are positive units, and those to the left of O 
are negative units. The value +5 will be represented by 
the point -4, and the value —5 will be represented by the 
point B, Since the positive numbers increase in value as 
we count from left to right, progression in a positive di- 
rection will be toward the right hand, and progression in a 
negative direction will be toward the left hand. 

In Arithmetic we recognize only the series of numbers 
on the right-hand sid§ pf tb^ J^ero point, but in Algebra 
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we have the additional series on the left-hand side of the 
zero point. Accordingly, the operations of Algebra, which 
include both positive and negative numbers, are much more 
comprehensive than the corresponding operations of Arith- 
metic. 

Note. Notwithstanding the two uses of the signs -f- and — , 
there can be no confusion on this account, as the value of any ex- 
pression is the same whichever interpretation we give to the signs. 

Every algebraic quantity consists of two parts, the sign 
and the absolute value. By the sign of a quantity we 
mean the sign + or — which is prefixed to it. The value 
independent of the sign + or -— is called its absolute value. 

If the signs of a quantity are both + or both — , the 
quantities are said to have tike signs'^ if one is -f and the, 
other is — , the quantities are said to have unlike signs. 
When we change the signs of an expression, every + 
changes to — and every — changes to + . 
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CHAPTER VII. 

ADDITION. 

20. The process of addition of simple expressions can 
be studied to good advantage by making use of a horizontal 
line divided as in § 19. 

' ' ' ' I I ' ' 1 I ' I > ' ' ' I ' ' 

F D E O C A B 

(i) Find the sum of +5 and +3. The point A repre- 
sents -f 5= 4-3 denotes a progression of 3 units to the 
right. Hence the sum of +5 and +3 is represented by 
the point B, and is +8. 

(ii) Find the sum of +5 and —3. The point A rep- 
resents +5. —3 denotes a progression of 3 units to the 
left. Hence the sum of -^5 and —3 is represented by the 
point C, and is +2. 

(iii) Find the sum of —5 and -f 3. The point D rep- 
resents — 5. +3 denotes a progression of 3 units to the 
right. Hence the sum of —5 and +3 is represented by 
the point E, and is — 2. 

(iv) Find the sum of —5 and —3. The point D rep- 
resents —5. —3 denotes a progression of 3 units to the 
left. Hence the sum of —5 and —3 is represented by the 
point F, and is —S. 

From an investigation of these different cases we learn 
the following : 

To add two numbers having like signs, find their nu- 
merical sum, and prefix the common sign. To add two num- 
bers having unlike signs, find their numerical difference^ and 
prefix the sign of the larger number. 
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NoTB. The sum of two numbers having the same absolute value 
and unlike signs is zero; thus, the sum of -|-5 and — 5 is 0. 

In each case the sum given is the algebraic sum; the 
sum of the absolute values is the arithmetical sum. 

The units of division on the horizontal line may be of 
any length whatever. Let us suppose each space to denote 
a yard. Then, designating a yard by the letter y, the sum 
of +5 y and +3 y is +82/; the sum of +5t/ and — 3y is 
+2y; the sum of — 5y and +3yis — 2^; and the sum 
of — 5yand — 3y is — 8y. In place of y we may "have 
any other letter or group of letters with no change in the 
numerical coefficients. Hence, to find the sum of two 
similar monomials, add the coefficients, and annex to their 
sum the common letter or letters. 

To find the sum of more than two similar monomials, 
find the sum of two of them, to their result add a.thirdy 
and so on ; or find the sum of the positive terms and the 
sum of the negative terms, and t lien find the algebraic sum 
of these two results. 

To add monomials which are not all similar, add each 
group of similar terms, and unite these results by the proper 
signs, 

I. Find the sum of 4. a% —la% 2a% — a% and 
5a^b. 

Taking the coefficients in order, we think as follows: 4, — 3, 
— 1, — 2, 3. Then we put down as the answer 8 a^b. 

If it seems preferable, we can take the positive terms and the 
negative terms separately. The sum of the positive terms is 11 a^b, 
and the sum of the negative terms is — Sa^b, The sum of 11 a^b 
and— 8a26is3a26. 

Note. Remember that the coefficient 1 is always understood 
when there is no coefficient expressed. 
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II. Find the sum of 9 a", — ax\ — 4 a;", — 2 a», — 3 ax^, 
9a^, — 6 a", and4ic«. 

The sum of 9 o', — 2 a", and — 6 a« Is o« ; the sum of — ox^ and 
— 3 aar* is — 4 ax* ; the sum of — 4 a;* and 4 x* is o. Uniting these 
results and the monomial 9 a^x, the sum is a' -|- 9 a^x — 4 ox*. 

NoTR 1. When the sum of any numher of terms is 0, they may 
be dropped from consideration, as they do not affect the result. 

Note 2. In writing polynomials containing different powers of 
the same letter, it is well to form the habit of writing the terms ac- 
cording to the descending or ascending powers of that letter. 



EXAMPLES. 
Find the sum of 

1. a, 2 a, and 3 a. 3. 4 ary, — 3 xy^ and 6 xy, 

2 - 2 ^, - 5Z», and - 9ft. 4. ZcH, -hcH, and - cH. 
5. — 8 mn", 5 mw", and 2 mn\ 

6 10 a% - 5 a% and - 4 a*ft. 

7 — 6 ahc, abcy and — 8 abc, 
8. — 5 xy^f — 3 xy^, and 6 xy^. 

9 6 ary«S — 7 ary^^ — 5 xys^ and 10 xyz\ 

10. - 4 a% 8 a*ft, 3 a% and - 7 a*ft. 

11. 6 czy 5cz, — 8 cz, czy and — 5 cz, 

12. — 8 m"/i, 4 mhiy 6 w*w, — 5 m'w, and 2 m"?*. 

13. 2 a, — 4 ft, 5 c, — 3 ft, 6 a, and c, 

14. 7 a, — 8 a-, — y, — 7 a!, 3 a, and 2 a:. 

15. 10 ar, 3 y, «, — 4 ar, 5 y, 2 ar, and — 8 «. 

16. 3 ax, 8 ftar, 7,-3 bx, — 4, 3 fta;, and 5. 

17. a", - 5 a^ft, 3 a», - 6 aft^ - 7 ft", - 3 ab\ and - 8 a%. 
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18. 3x*, - 6a«, 4:x, x% - 6 a-, - 5x\ and 6x*. 

19. 12 c2(^, -6c%Sd, - 5 c«<^, 4 <^, - c^, and - 9 c^d. 

20. 9 a^c, — 3 a^^c, 5 abc^, 4 a^c, — 4 a^bc, — 5 a^c^, and 

21. 2icS 3xf/, -5?/^ -6ic», -.-9x//, 6y', - x\ and 

22. 2 m\ 8 m^/t^ - 4 w*, - 3 m^ 5 nm*, - 2 7^27*^ 
— mn^, 2 m^n, and — 6m^n^. 

Simplify the following expressions by combining like 
termg : 

23. 4a — 7a+3a — 5a+8a. 

24. 2171 — 5711 — 3w+77i — 9 m. 

25. Sx*— 5 x^ +7x^—3 x^ +3x^ — 6 x\ 

26. - 146a; +12^»wc ~ 3bx-\-bx - 7 bx, 

27. 5 a*c - 9 a^c - 11 a*c + 8 aV - 2 a^c, 

28. 5ar7^2 _ 9 ^^2 ^^^jji_ xy^ + ^xy^ — 2x1/3. 

29. ^ ab — 10 cd -\-2 ab + cd — Q ah. 

30. 3aic — 8 ^>ic + cic + 8 ^>a; — ax + 2 ftx. 

31. x« — 3 xV + 3 ar?/2 _ y« + 43.8 _ 4^8 _ e^V 

32. — 3x^ + 2xy - 4:Z^ + 3xz+x^— 6x7j + z\ 

33. 3ax^ — 3h/ + 6cz^ — 4: by^ - Scs^ + ax^ +5 %^ 

34. 4 a^c — 7 ace? + 10 abd — 4 act^ — 8 abd — aftc + 2 aft^i. 

35. 4 a* - 3 a=^>« + 5 ^* - 3 a2^>2 _ 3 ^4 _ 5 j4 ^ 6 ^2^2 

36. — w^ — 3wn + 4?7i*p + 8//i* — 7 wTi + 3 w* + ll??in. 
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ADDITION OF POLYNOMIALS. 
21. PolynomiaLs may be considered as made up of 
monomials. For example, 3a+4ft — 7c is the sum of 
the monomials 3 a, 4 ft, and —7 c. Hence the process of 
adding polynomials is the same as adding monomials 
which are not all similar. 

L Find the sum of 5ar*— 7a;» -|- 6ic' -f 8r, 5x^—7x+x\ 
3a;* - 3aj — 5 - 4a-«, and 6ar - 9a;2 + 5x« - 3ic*. 

5x* — 7a^ + 6a;*4-8aj For convenience it is custom- 

«* + 5 x« — 7 X ary to write the expressions 

— 4 «' 4" 3 a'-* — 8 a; — 5 mider each other arranging sim- 
— 3ap* + Sg^ — 9g^-|-6g ihir terms in the same column. 

3x* — jc* -\- 4z — 5 Adding each column separate- 

ly, we find the entire sum to be 
3x* — jc* + 4x — 6. Since the sum of the terms in the third column 
is 0, there is no x^ term in the answer. 

There is no carrying as in Arithmetic ; hence in Algebra it is not 
necessary to begin at the right. In general it is more convenient to 
begin at the left. In fact, the usual way in Algebra is to begin at 
the left. 

EXAMPLES. 

Find the sum of 

1. 3 a + 8 5 and 3 tt — 8 ^. 

2. 2m — 1 and m^ ^2m+l, 

3. 3 c' - 6 c -h 3 and c* + 7 c — 7. 

4. 2a + 7b,-' 3a — 5b, and 8 a — 10 5. 

5. xi/ — xz -\- yz, xz — 7/z -}- xi/f and yz — X2/ + xz. 

6. 4:X — 3y +2z, y — 2z — 5x, and x -\-2y. 

7. a;^ — 3a; - 4, 3a;2— 5a; +4, and 5a;2 + 8a; — 6. 

8. 5tt--66+7c, 3a + 7^> — c, and a — 12 ^>+ 3 c, 
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9. 2p — Sq +4:r, Ap -^6q -- r, Audp — 2q — 6r. 

10. 3a-.25+c, 4a+35 — 4c?, and — 5+3c — 2rf. 

11. 2m — 3n — 4j9, — 5m — 6n +8/> — 2', 

and — 4:m+9n— p, 

12. x^^x^ — x+ 1,2x^ — 4: X — By and — 4 a:» — 6 x + 7. 

13. a^+b^-2 ab,2a^ +6c2 - 4 ac, and 2 />« - 5^^ +8 ^^c 

14. Gx — Syy5]/ — x,—Sx — Sy, and 9x +2y. 

15. a — & — aj + 2/, 2a — 3^-f4x — 5y, 3a — ar+7?/, 

and 3 a: — 3 y. 

16. 7 a — 5<^ — 3aj+7y, — 6a + 8i — 4aT — 3y, 

3a — ^+2aj— y, and a — 3^ +8 a; +2y, 

17. a» - 5 a^ + 6 a — 3, 3 a» + a» — 7 a - 2, 

— 5 a» — 4 a^ + a, and 6 a" - 8 a^ + 9 a + 7. 

18. 4ic» - 3irV - 2 ary^ + y», 7 x» - 8^^ - 32/«, 

4icV — 5ary^ +8y», and 4a;« +6y". 

19. ^a* - 4a«^> 4-6a%^ - 4a^« -f ^S 6a«J - 8 a%^+6ab*, 

2 a* + 5 a''^^^ _ 7 ab^, and 8 a»6 + a^b\ 

20. 8c»-7c«-8c+ll, 7c»+8c«-6c+3, 

- 9 c« — 3c2 +7 c, and 2 c* + 6c - 10. 

21. 7/»-42/2 + 72/+3,62/» + 62/^-8y-7, 

32/ - 3 i/» - 3 y2 + 12, and 5y» + 3^ - y» - 9. 

22. 15 X* - 6a;2 _ 5, a:« - a; +3, a; +3a;2 - a;« - 8a:^ 

and 3a;''' — 7 a; +2. 

23. 4a — 36+6 C-46Z, —7a +2 6 -3(5+8^, 

a — Sb -\-7 c — lie?, and 2 a +96 — 10c+7rf. 

24. 4 a8 - 3 ab^+b"", 2 ab^ -^6a^b - 3 a», 

4 [^8 _ 3 ^8 +8 «2^, and 2 a'^ft - 6» - a». 
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CHAPTER VIII. 

SUBTRACTION. 

22. The process of subtraction of simple expressions 
can be studied in tlie same way that we studied addition. 

I I I I I I I I I I I I I I I I I I I I I 



Since subtraction is opposite to addition in its nature, 
subtracting a positive quantity indicates a progression to 
the left, and subtracting a negative quantity indicates a 
progression to the right. 

(i) From +5 subtract +3. The point A represents 
-f5. Subtracting -h 3 indicates a progression of 3 units 
to the left. Hence the remainder is represented by the 
point By and is + 2. 

(ii) From +5 subtract —3. The point A represents 
+5. Subtracting —3 indicates a progression of 3 units 
to the right. Hence the remainder is represented by the 
point C, and is -f 8. 

(iii) From —5 subtract +3. The point Z> represents 
—5. Subtracting -f-3 indicates a progression of 3 units 
to the left. Hence the remainder is represented by the 
point JE', and is —8. 

(iv) From —5 subtract —2. The point Z> represents 
— 5. Subtracting —3 indicates a progression of 3 units 
to the right. Hence the remainder is represented by the 
point F, and is —2. 
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An investigation of these results shows that subtracting 
a positive number gives the same result as adding an equal 
negative number, and subtracting a negative number gives 
the same result as adding an equal positive number. Hence, 
to subtract one number from another, change mentally the 
sign of the subtrahend, and then proceed as in addition. 

As in addition, the principle deduced for numbers can 
be shown to be true for monomials iu general. 

I. Subtract 9 a from 7 a. 

Changing the sign of Orr, we have — 9 a. The sum of 7 a and 
— 9 a is — 2 a. Hence the remainder is — 2 a. 



II. Subtract — 4 a^b from 7 a^b. 

Changing the sign of — 4 a^h^ we have 4 a^b. The sum of 7 a*6 
and 4 a^b is 11 a^b. Hence the remainder is 11 a^b. 



EXAMPLES. 

Subtract 

1. 4 a from 10 a. 

2. 8 ^ from 2 ^>. 

3. —Tc from —3 c. 

4. -2diTom — 9rf. 

5. 4 cd^ from — 5 cd^, 

6. — ni^n from 6 m^n, 

7. 8A;»fromA;». 

8. — 1 1 ary from 4 xg, 

9. -^6 m^nHvom - 10 m^n\ 
10. 8 c*z from — c*z. 



11. — 12 pq^ from — 3pq^. 

12. — x^gz from 6 a;^y«. 

13. 4 b^xg from 12 b^xg, 

14. -18aVfrom-17aV. 
8 wv' from — 12 nv\ 
-Tbcd^fTom —15bcdK 
13 a^x* from 4 a^\ 
— 18 ^y from oj'y*. 
-12a^b'^ciTom-Sa^^c, 



15. 
16. 
17. 
18. 
19. 



20. 2pgx^ from — 9pqx\ 
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SUBTRACTION OF POLYNOMIALS. 

23. Since a polynomial may be regarded as the sum of 
several monomials, the process of subtracting a polynomial 
can also be made a process of addition. 

L From 4:a — 5b + ec — 7 d — S6 + 9/ subtract 

4a — 56 + 6c — 7(1 — 86 + 9/ Write the subtrahend im- 

a + 26-|-7c — 9d — 8e -\- 2g der the minuend, keeping 

3a— 76— c + 2d +9/— 2flf similar terms in the same 

column. Conceive the subtrahend to have its signs changed so as 
to read —a — 2 6 — 7c + 9 (14-8 e — 2(7. Then proceeding as in 
addition, the result isSa — 76 — c + 2d + 9/— 2 g. 

EXAMPLES. 

1. From Sa — 4:b + c subtract 3a— 6ft — 5c. 

2. From 7a — 3ft+6c subtract 7a+3ft — 6c. 

3. From m +2n — 3p subtract 4 m + 5 n + Qp. 

4. From 5p — Aq — 3r subtract 5q — 3p+r. 

5. From x — y — z subtract 6a; — 7y + 8«. 

6. From 3 x* — 4 a: + 7 subtract 3 - 2 a;. 

. 7. From a" + ft« subtract 3 a» - 4 a^ft - 4 ub\ 

8. From x^ + x^y^ + y* subtract 3 xhj + « V + 3 «y*. 

9. From a%c — ab^c — abc^ 

subtract 4 ab^c — 4 aftc^ + 3 a^bc. 

10. From a« + 3 a«ft + 3 ab^ + ft» 

subtract a« - 3 a^ft + 3 oft^ — b\ 

IL From - 2ic» + 3a;2 - 4a; - 5 

subtract 4 x' + 5 a;^ — 7 x — 2. 
12. From jc^ — 2 a-// -f y^ _ ^a 

subtract x* — ?/* + 2 y« — «^. 
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13. From a* _ 2 a^ + 3a — 1 

subtract 1 —7 a + a^ — Sa\ 

14. From a^ + Ab^-Sc^ 

subtract 3a^ — 2b^ — 6c^ + d\ 

15. From — 2x^ -\-6xhj — Sxif - ?/« 

subtract 7 x^ + 6x^i/ + 3xi/'^ + 4: y^. 

16. From 67^2 + 571^ + 4^92+37^ 

subtract 3 T/i^ + 4 ti^ — 5/>2 — 6 q\ 

17. From 8ic* — 6ic*+4ic2 — 2a; +1 

subtract a:* + 4 x* + 7 x^ __ 9 aj — 8. 

18. From the sum of 5a— 3&+4c and 8 a — 15 c 

subtract 12a — 3Z» — 5 c. 

19. From 2 a^ — 8 a — 5 subtract the sum of 

6 a^ - 2 a - 8 and 3 - 7 a^. 

20. From the sum of hx^ — Zx and x^ + 2a3 subtract 

the sum of 3 a;* — 5 a; + 4 and 6 — 3 a* — a;^. 

21. Subtract a* — 8a + 4 from a*, and add the 

remainder to 4 a^ + 9a — 7. 

22. What must be added to7aj — 3y+4«to make 

2a; — 5y — «? 

23. To what must 3 a;* — 5 a; + 1 be added to make 

a;8 + 3 a;2 - 7 aj ? 

24. What must be subtracted from 3a — 2&+5c + efto 

leave a remainder of — 4a — 3& + 7c — 5rf? 

25. From what must — a +2b + 3 c — 4c? be subtracted 

to leave a remainder of — 3a — 8^- 10c+5rf? 

26. From what must the sum of a — 2b + c and 

3a+4i — 6c be subtracted to leave a re- 
mainder of 2 a — ft ? 
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PARENTHESES. 

24. We have learned in § 4 that when parentheses pre- 
ceded hy the sign + «^« removedy the signs of the terms 
within the parentheses remain unchanged ; when parentheses 
preceded hy the sign — are removed, the sign of every term 
within the parentheses is changed. 

Sometimes one sign of aggregation is used within an- 
other ; in such cases it is customary to use different forms 
to avoid confusion. lu removing the signs of aggregation 
from an expression of this kind, it is best to remove them, 
one at a time, beginning with the innermost, 

I. Simplify ba -Qh - (3a - be) ^ (b -5c). 

5a — 6 6 — (3a — 5 c) -h(& — 5 c) 
= 5a — 66 — 3a + 5c + 6 — 5c = 2a — 56. 



II. Simplify 9a3 — [oic — 3y — (— y — 3x — 4 y)] 



9«— [5 a;— 3//— (— y — Sx — 4y)] 
= 9«— [5 a; — 3y — (— y — 3x-h4y)] 
= 9x — [5x — 3y4-?/-h3x — 42/] 
= 9x — 5a;-|-3y — y — 3x-f-42/ = x-h6y. 

Note. The sign — which precedes the term 3 x under the vincu- 
lum is the sign of the viiicuhim, not of 3x; since 3x has no sign 
expressed, the sign -\- is understood. 

EXAMPLES. 

Simplify 

1. a;* H- 2 a; 4- 1 - (a;2 — 2 x -f- 1). 

2. a—{a — h)-'{a — h-{-c), 

S. c« - ^2 __ (^2+ erf H- rf2) _ (^2 - crf+ d^). 

4. a +b — c — {a — h) — {h — c), 

5. 2a- (5a-b)-(Cya-3b) -\-{a-4.b). 
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6. Ga^H- \3b^^2c^ - [a^+Sb^^ - (3c^-5b^). 

7. Sa - (3b - a) +1- a+ b - 3c^-\7 b - 3c\. 

8. a:»~ (7x^ + 6x)- (3x-4:X^ _(6-5ir). 

9. x-(3x-2)- (4y-3)-(-6;5;+5). 

10. (x+9j+z) — (x + y — z)+(x-i/-^ z). 

11. m - |2j9 — (3 n + 2^?) — m\, 

12. Tec -[4 -(3a; + 5) -5ar]. 

13. 7a- \b+[Sc- (3b-c)^l 

14. 3b-{7b-Qb + 5b). 



15. 8 m — [4 ??i — 3 ?/i — 7 m]. 

16. c-Yd— {c—d) — [c - rf — (c +c?) — c]. 

17. y + [22/«13y+(4z/-5y)n. 

18. [2 xy - (x^ + y^)] - [x^ - (2 ^2/ - y^]. 

19. ip} --\a^J^b^- c^X) _ (a^ + |a2 _ ^2 __ ^2|)^ 

20. 9a -[8a- \7a-{^a-ha)\\ 

21. -6a -[4^- |3a- (5a-5)|]. 

22. j«-[^^+(,+ 2ar)-(a-&)]j. 

23. « - [2 Z» + ^ 3 c - 3 a - (a + ^») I + 2 a - (5 + 3 c)]. 

24. 3 a - [ft — a — (2 a + 5 - a — ft)]. 



25. a~[ft-c-(a-ft) -.5c] -(2a -5ft- c). 
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CHAPTER IX. 

MULTIPLICATION. 

25. Multiplication is indicated by the sign X or by a 
dot (.); thus the product of a and h may be written a X ^ 
ova,b. A more usual method, however, is to omit the sign 
of multiplication and write the factors one after the other ; 
as ah. When several factors are alike we use an exponent ; 
thus, we write «* instead of aaa. 

In order to multiply monomials, it is merely necessary 
to write one after the other. In many cases a better form 
for the product may be obtained by changing the order of 
the factors. Especially is this true of numbers, which 
should be brought together at the beginning and multiplied 
as in Arithmetic. For example, the product of 7 ah and 
3 cd is 21 a^cd, « 

When the same letter occurs more than once as a factor, 
we must make use of the index law, 

a^ = aa, and a* = aaaaa. 
Then a^ X «^ = «« X aaaaa = aaaaaaa = a^. 

The same principle is true, whatever the exponents; 
hence the exponent of a letter in the product is erpial to 
the sum of the exponents in the factors. 

Note. For the numerical part of multiplication, multiply co- 
efficients and add exponents. 

26. From an arithmetical standpoint, multiplication is 
a short process of addition, where all the numbers to be 
added are alike. The product is obtained by taking a 
number (the multiplicand) as many times as there are 
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units in another number (the multiplier). When we ex- 
tend this idea so as to embrace negative quantities, the 
sign of the multiplier shows whether the numbers denoted 
by the multiplicand are to be added or subtracted, and the 
absolute value of the multiplier shows the number of 
times they are to be taken. 

(i) Multiply + 5 by H- 3. This is the same as 
+ 5+5 +5, or +15. 

(ii) Multiply —5 by +3. This is the same as . 
— 5 ~5 —5, or —15. 

(iii) Multiply +5 by —3. This is the same as 
-(+5)-(+5)-(+5),or-15. 

(iv) Multiply —5 by —3. This is the same as 
^(^5)-(-5)-(-5),or+15. 

Letting a and h represent any two numbers, a similar 
investigation gives 

{-o)X{+h) = -ah, 
(+«) X(-*) = -ah. 
(-«) X {-h) = +ah. 

These results enable us to state the law of signs in multi- 
plication as follows : like signs give + ; unlike signs give — . 

MULTIPLICATION OF MONOMIALS. 
27. T. Multiply - 6 a'^h'' by 3 ah\ 

— 6a362X3a65 = — 18a*6^ The law of signs gives — . The 

product of the coefficients is 18.. The 
index law gives a*6^ for the literal part of the product. 
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II. Find the product of — 2 ah^, 4 a'^c», antl - 5 hcH, 

( _ 2 oM) X 4 oV X ( — 5 6c2d) = 40 o»6<c*d. The product of any 

number of monomials 
can be written down at once. If the number of negative factors is 
even, the sign of the product is -j- ; if the number of negative factors 
is odd, the sign of the product is — . 

Note. In writing the product of monomials, first write the sign ; 
then write the product of the numerical coefficients; finally, write the 
letters in the order in which they occur in the alphabet, each with 
the proper exponent. 

EXAMPLES. 

Find the product of 

1. 8 a and 3. 7.-8 a*ftV and 3 aW. 

2. ^aJb and —7 c. 8. — 12 a; V and -- 7xy*z^, 

3. 9 c« and c\ 9. 9 u^v* and — 8 wv. . 

4. — 6 a;^^* and 5 ar V. 10. — 20 hVm and 4 bmn\ 

5. 10 a^y^z and 5 x^^K 11. 2 a, 3 ft, and 4 c, 

6. — 15 mn and — 3 m^n^, 12. a*, 4 a', and — 5 a\ 

13. muj 2 mhi^y and 3 m'ri* 

14. - 2 xy\ — 3 y«^ and — x^z. 

15. am V, — 3 a^mh^^j and — 8 a^\ 

16. 8 m*;i, — 3 mn^py and — 6p\ 

17. - 6 c»^^ - 4 ct/», and 2 hcH\ 

18. 2 a^ft'c*, 3 b^c\ and - 5 a^e^. 

19. - 5 a2&«, 8 h\\ and 3 aV. 

20. 2 a^ - 3 a», - 4 a*, and - 5 a«. 

21. — xhjz, — xy% — xyz^, and — Sxh/^^- 

22. 3 7)i^n, — 7 m/?''^2', 2 /i*^', and — n^j/^ 
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MULTIPLICATION OF POLYNOMIALS BY 
MONOMIALS. 

28. In § 4 we learned that 

a(h — c) =^ ah — ac. 

Considering ^ — c as the multiplicand and a as the mul- 
tiplier, we see that each term of the polynomial is multi- 
plied by the monomial. Hence, to multiply a polynomial 
by a monomial, multiply each term of the poli/nomiaZ by 
the monomial, and connect the results thus obtained by the 
proper signs, 

I. Multiply 6 »* — 4 ccy + y^z^ by 5 x^y, 

6 jp8 — 4 ay -h y^^ First, multiply 6 x* by 6 ic^y , and work 

5 x^y toward the riglit liand, multiplying each 

30 v^y — 20 x^y^ + 5 x^y^z* term of the multiplicand by 5 x^y. 



EXAMPLES. 

Multiply 

1. a^ — ^abhySab, 7. a2^2a + 5by3. 

2. c* - 5 cd by - c\ 8. 3/>2 _ g^^ _ 4 ^a^y — 6. 

3. m2~4n^by4TO. 9. a^ - 4^2 __ 7 by 4 a. 

4. jE?2 - 6^* by -p\ 10. -3a;«-5ir+7by--6aj^ 

5. — a;^ — ic^y^ by — x\ 11. a:^ — y^ — «^ by xyz, 

6. - 3 a%^ + Z,* by - abc, 12. 27iS-5n«-8nby~4ri«. 

13. _ 2 ar* + 3 aj« - 4 aj + 5 by 6 a: V- 

14. 5c« — ?/2 _|_ 2 ^^55 _ ;5j2 by 2 tjz. 

15. jr* — 3 icV + 3 a:?/2 — 2/* by — 3 x^y. 

16. — 3 «» + 2*2 _ a + 10 by 5 a*. 
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MULTIPLICATION OF POLYNOMIALS BY 
POLYNOMIALS. 

29. When the multiplier is a polynomial, the process 
of multiplying is similar to that used in Arithmetic when 
the multiplier contains more than oiie figure. 

If we are to multiply. a+b+chyx+y + ZyWe can let 
M stand for x + y + «. 

Then (a + b + c) X (x +y + z) 
= la+b + c)M 
= aM + bM+e]\f 

= a(x+y + z)+b(x+y-\-z)+c(x+y + z) 
= ax + aj/ + az +bx +by + bz +CX +cy -{■ cz. 

Thus the multiplicand is multiplied by each term of the 
multiplier, and the sum of the partial products thus ob- 
tained is the entire product. 

I. Multiply 4:a — 5bhj3a — 7b. 

4 a — 5 6 Multiplying the multiplicand by 3 a, the 

3a —76 first partial product is 12 a2 — 15 a6. Multiply- 

12 a'^ — 15 a6 ing by — 7 6, the second partial product is 

— 28a6-4-35 6^ — 28a6 + 35 62. Place similar terms in the 

12 a^ — 43a6-f-35 6^ same column, and add the partial products. 

Thus the entire product is 1 2 a^ — 43 a6 -h 35 b^. 

II. Multiply 6x+2x'^-^Sx^ + x*hySx^-^2-x. 

x* + 2x^ — Sx^ + Qx By arranging both multi- 

Sx^ — x — 2 plicand and multiplier ac- 

cording to the descending 
powers of x, similar terms 
of the partial products 

Zxf^-{-6x^ — l'6x*-hnx^ ^12x readily fall in the same 

column. The same would 

be true if the polynomials were arranged according to the ascending 

powers of x. 



3x« -4-6x5 — 


9x* + 18a;8 






— x^ — 


2a;* + 3«8 


— 6x2 




— 


2ic4_ 4x8 


+ 6x2- 


-12x 
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EXAMPLES. 

Multiply 

1. a + bhy a + b. 5. x +9 by x — 4c. 

2. a — ft by a — ft. 6. a; — 9 by cc + 4. 

3. « + ft by a — ft. 7. a; — 9 by aj — 4. 

4. a; + 9 by aj + 4. 8. a; + y by aj + «. 

9. 2a +3 ft by — 2a- 3ft. 

10. 3c + 5rfby— 3(;+5fl?. 

11. 5 + 7mby5 — 3 m. 

12. 8a- 1 by- 3a -2. 

13. m^ + 3 71 by m^ — 5 w. 

14. 3a;y-8by4ajy-l. 

15. a^ - aft + ft2 by a + ft. 

16. a^ + aft + ft2 by a - ft. 

17. a^ - aft - ft2 by a - ft. 

18. p^ + 22)q + q^hy p — q. 

19. p2 _ 2pq +q^hy p — q, 

20. — a;* + x^y — a;^y^ by — x — y. 

21. a + ft— cbya+c. 

22. 2 a; + y — « by a; — y. 

23. 3a;2-4aj+5by 2aj-3. 

24. 2 a^ - 3 aft - 4 ft^ by 3 a - 4 ft. 

25. 4a2 + 6aft + 9ft2by 2a -3ft. 

26. a«-2a2 + 4a — 8 by a + 2. 

27. a;* - 3 a; V + 3 xi/^ - ^^s ^y 3. ^ 3 ^^^ 

28. x^ + XJ/ + 2/2 i^y x^ — xy + y\ 
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29. m» + 2 Tw^ + 2 mn^ by w* — 2 m« + 2 n% 

30. 6x-l+Sx*hy 6x^-1 -Sx\ 

31. x+y+zhyx+y^z. 

32. x + 2y'-3zhj x-^2y-\-Sz. 

33. c* - 3c' — <?» by — c»+ <? + 1. 

34. 6 a» - 2 a«ft +40^^* by 2 a^ft - 5 ab^ - 3 J». 

35. ?wri — 5 m' + 8 71* by m» — 2 w* — 3 n*. 

36. a« - 3a*ft + 3a** - b* by a* + 3ad +d». 

37. 2tZ«-3tZ« + 8tZ+2tZ*by3tZ-tZ*-2. 

38. Aj»4-5A;«-7A;2-3A;*by3A:«-5Aj + Aj«. 

39. icy + a; + y + 1 by a;^^ — a; — y + 1. 

40. a^ + b^ + c^—Sabchy a+b+ c, 

SPECIAL CASES IN MULTIPLICATION. 

20. There are certain products that occur so frequently 
that the student should learn to write these products by 
inspection. 

I. Find the square of a + b. 

a + b 
a + b 



a^ + ab 

ab+b^ 
a^ + 2ab + b^ 



That is, the square of the sum of two quantities is equal 
to the square of the first quantity j plus twice the product of 
the two, plus the square of the second. 
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II. Find the square of a —-h, 

a — b 
a -— b 



'-ab 
- a5 + V 



a^^2ab + b^ 

That is, the square of the difference of two quantities is 
equal to the square of the first quantity, minus twice the 
product of the two, plus the square of the second, 

III. Find the product of a + ft and a — ft. 
a+ft 
ti — ft 



a" 


+ ab 


-b* 


a« 


- 


-h* 



That is, the product of the sum and the difference of two 
quantities is equal to the difference of their squares. 

Note. To find the square of a monomial, square the coefficient, 
and multiply the exponent of each letter by 2. For example, the 
square of 9 a^b^ is 81 a^b^^. 

EXAMPLES. 

Write by inspection the value of 

8. (p*-qy. 

9. (x' + sy.. 

10. (a;" - 2 xy. 

11. (2c+3d)«. 

12. {S-5xy. 

13. (Sab + 7 ey. 

14. (ix'-Sx^y, 



1. 


(^+yr- 


2. 


(m — ny. 


3. 


(c + iy. 


4. 


(z - 1)». 


5. 


(m+6)». 


6. 


{c-iy. 


7. 


(y' + «T. 
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(mn + 7) {mn — 7). 

(2p^3q){2p-^3qy 

(2y«+5)(2/-5> 

{^x'' + 7x){Sx^-7x), 

31. The product of two binomials like a; + 7 and x + 3 
also needs attention. 



15. 


(2a» + llai)». 


20. 


16. 


(5mn — 9n»)». 


21. 


17. 


(c-\-d)ip-d). 


22. 


18. 


(x + 10) (x - 10). 


23. 


19. 


(a=» + l)(a='-l). 


24. 



x+ 7 
a; + 3 




3a; 


+ 21 


05+7 

X -3 


+ ^1 


a;«+7a! 
-3a;- 


-21 



a; 


— 


t 




a; 


— 


3 




a:« 




7a! 








3a; 


+ 21 


x^ 


— 


10a; 


+ 21 


X 


— 


7 




X 


+ 


3 




T* 


— 


7x 








3a;- 


-21 



x^+4:x — 2l aj« — 4aj-21 

From these results we deduce the following principle : 
the product of two binomials having a common term is made 
up of three terms — 1st, the square of the common term ; 
2nd, the algebraic sum of the remaining terms multiplied 
by the common term ; 3rd, the product of the remaining 
terms, 

EXAMPLES. 

Write by inspection the value of 



1. (a; +2) (a; + 3). 


4. (a;+6)(a;-3). 


2. (x-7)(a;-Hl). 


5. (rt - 10) (a + 3), 


3. (a; -7) (a; -8). 


6. (a + 6)(a+4). 
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7. (a -5) (a +4). 13. (a -55) (a +5). 

8. (a - 12) (a ~ 2). • 14. (x+3a) (x+ 11 a). 

9. (a5 + 6) (a5 - 6). 15. (x - 6 y) (a - 4 2/). 

10. (aj« + 9) (x^ + 7). 16. (c + 7d) (c- d), 

11. (/>• + 6) (/>• - 12). 17. (a« + 2 aj') (a^ + 5 a;^). 

12. (y»« - 3) (y«« - 8). . 18. (ar« + 6 a) (a:« - 5 a). 

19. (m«— »») (m« — 4n»). 

20. (aj V + ^I/") (a^V - 2 xy^. 

21. (a5 - 2 erf) (aft - 5 cd). 

22. (m^ - 4:pq) (m^ + 87^7). 

23. (ax + 7 by) (ax — by). 

24. (aftc + 3(1) (abc — 9 c?). 



32. When an algebraic expression contains any of the 
special cases in multiplication or the product of a poly- 
nomial by a monomial, it can generally be simplified with- 
out writing down each case of multiplication separately, 

L Simplify (a; +l)(x-7)-[(ar-3)2-(aj +2) (x-2)]. 

(x-f l)(x-7)-[(a;-3)2-(x + 2)(x-2)] 
= x2_ea._7_ [3.2 — 6x4-9 — (a:2_4)] 
= ip2_0a.__7_|;a;2_0a.^9_a.24.4] 

=: X- — 6x — 7 — x2 + 6x— 9 + «^— 4 = x2— 20. 

IL Simplify 12 a - 3 [2ft + |a - 4 (5 a - ft)}]. 

12a — 3 [26 4- |a — 4(5 a — 6)}] 
r= 12a — 3[264-ia — 20a4-46}] 
= 12a — 3[264-a — 2Qa4-46] 
= 12a — 66 — 3a4-60a — 126 = 69a — 186. 
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EXAMPLES. 

Simplify 

1. (x+7)(x^S)--(x--7)(x + S). 

2. (a + by - (a - by. 

3. (a + by (a - by, 

4. (x^yy+(y-^zy+(z^xy. 

5. (oa - Gby -6 (a- 3b) {a --2b). 

6. (2 /» - 3 w)« - 4 (m - ») (m -2n)- n\ 

7. (a - 2«») (a - 3^;) - (a - 3^i) (a - 4^>) - 2ab. 

8. aj — (aj — y) — [a; + y — « - 2 (y — «)]. 

9. a - 2 (^> -• c) - 3 [a - 4 (ft + c)]. 

10. 3a- |4ft-2[3a4-3(5-ft)]}. 

11. 16-2[3aj-3|4a;-4(5a;-6)n. 

12. 2 (4a ~ 6 ft) - 7 [ft - 4 |2 - (3ft - a)}]. 

13. 6-3[6a;-2| - 3a: + 5 (6 - 2- a;)Q 

14. a [a — ft — a (c — aft)] — [ac — a (a<j + ft)]. 

15. x^^l(x^yy^(x-^y)(x-y)']. 

16. (a: 4- y) aj — [(a; — yy •-- (jy — x)y']. 

17. [a* - (a - ft) (a - 2ft)] - ft [ft -T (a - ft)]. 

18. (aj - 2) (X - 4) - 3a; (a; - 2) + 2 [(aj + 3) (aj + 2) - 10]. 

19. {x^ ^ y^ z - (x ^ y) {x^y Jr z-]- y[x -^ ;?]). 

20. (m + 7i)a;— (w— ^)jE?— [(ti — a;)n — (n—jE?)(n+p)] — 7?M?. 
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CHAPTER X. 

DIVISION. 

33. Division is the process of finding one of two fac- 
tors when the product and the other factor are known. 
Hence division is the inverse of multiplication. 

As in Arithmetic, the product is called the dividend^ the 
known factor is called the divisor, and the factor to be 
found is called the quotient. 

The operation of division is indicated by the sign -f- , 
or by writing the dividend above the divisor with a line 

between ; thus, a -f- 5, or r- signifies that a is to be divided 

o 

by 5. 

The index law and the law of signs in division can easily 
be deduced from the corresponding laws in multiplication. 

Since a^y^a^ = a', a^ -f- a* = a*. The same principle is 
true whatever the exponents; hence the exponent of a 
letter in the quotient is equal to its exponent in the dividend 
minus its exponent in the divisor. This is the index law in 
division. 

Note. For the numerical part of division, divide coefficients 
and subtract exponents. 

Since (+ a) X (+ ^) = + ^6, (+ ab) -^ (+ a) = + b. 

Since (— a) x ( + *) = — «^ (— aJ) -f- ( — a) = + b. 

Since (-|- a) x (— ^) = — ab, (— ab) -^ (+ a) = — b. 

Since (— a) X (—^) = + aby (^ ab) -^ (— a) = — b. 
Hence in division, just as in multiplication, like signs give 

-|- ; unlike signs give — . This is the law of signs in 
division. 
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DIVISION OP MONOMIALS. 

34. I. Divide ahcd by cd, 

abed -T- cd ^= ab Since the dividend contains all the factors of 
both divisor and dividend, the quotient is derived 
by removing from the dividend all the factors that are found in the 
divisor. 

II. Divide - 24 a^I/" by 3 a*5. 

— 24 a*6' -i- 3 a*6 = — 8 all^ The law of signs gives — . 24 divid- 
ed by 3 is 8. The index law gives atl^ 
as the literal part of the quotient. 

III. Divide - 12 a%^cH by - 2 a*5V. 

— 12 cfih^cH -T- ( — 2 a'^h^c^ = 6 aH The law of signs gives -f- . 

12 divided by 2 is 6. The in- 
dex law gives a^. h^c^ drops out, as it is the same in both dividend 
and divisor, and d remains. 

Note. t4 = L By the index law, however, ^^ = 6*— * = 6^. 

Hence W = 1. Any letter, which by the index law would have 
for an exponent, does not appear in the quotient. 

EXAMPLES. 

11. 90 jo*^ by l^pq. 

12. 20xY\)j -5xY' 

13. - 45 c«fZ»a;« by -^cH\ 

14. — 12 xyz^ by — 3 xyz. 

15. 42 m^nx^ by 7 mn. 

16. — m?n^p^ by m'n^p, 

17. 20icVVby -4a;V«. 

18. - 26i?V'^' by - 2pqh'\ 

19. 72 a^h^c^ by - 9 ab'^cK 
10. - 24 m^^ by - 6 mn. 20. - 75 a^^c^^f^ by 15 acd. 



Divide 


1. 


36 a by 9. 


2. 


abed by — aJc. 


3. 


16 ab by 4 a. 


4. 


- 18 aJ by 9 aJ. 


5. 


— 32 aJc by — 4 a«. 


6. 


a'^'c by a%\ 


7. 


a*be by — a*6c. 


8. 


-12c»byc». 


9. 


- 8 a:y by 8 x\ 



The can;ri?iii * — r 5 nkifr xn it rit* ri-c.»"t^ ^^L^c;*. 'v^l 
L r*rrijtt < r*»* — t^» — i '-'» ":: .' * f -u 



h Sx^-^j'ljr. X -.!*+. I, >,;^\> ,>^ 

2. 5 -t^B -:■>»* bj - «. 4. 12 : V* -h 5^ "^* K^ 4 wA 

5. — 5 J^j^ — 3 jrHr bv — x; s. 

6. 21 a**;* — 7 aS- by 7 .i V.^. 

7. 12 a^ + 18 aV - 21 f* by 3. 

8. 16 mhi — 12 HI//* — 20/** by - 4. 
9 jtV^ + jry*2 — J^y2* by — xyj. 

10. x'-2x« + 3x*byx». 

11. 3 cV — 15 cV* — 9 cV by 3 r/A 

12. 4 / - 6 y* + 2 / by 2 /. 

13. -26x*-39jc*+52a?«by - \\\^. 

14. -21 a«wi*+ 36 h^* - 42 rw* f t i «'*»♦* *\Y f '>'* 

15. - 5 a«6* - 10 a*^»* + 25 </»/>• :in fr '"A* l»V ^ <»•*/'*, 

16. 28 a%^c^ + 20 a*^»V - 1 2 f/»/y*(* 4 <iV>'r'* by 4 m Vi*('*, 
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DIVISION OF POLYNOMIALS BY POLYNOMIALS. 
36. As the product of two polynomials is made up of 
several partial products, the dividend can be separated into 
several parts, each of which can be divided by the divisor. 
The operation can be understood more easily by studying 
a particular example. 

I. Divide Sa:^ + 19a:y + 28^^ by «+ 4y. 

x + 4y)Zx^ + 19xy-\-28y^{Sx-\-ly The dividend and divisor 

3 ac' + 12 xy are arranged according to 

Ixy -\- 28 y^ the descending powers of 

7 gy -I- 28 y^ x. As the first term of a 

product is obtained by 
multiplying the first term of the multiplicand by the first term of 
the multiplier, the first term of the quotient can be found by divid- 
ing the first term of the dividend by the first term of the divisor. 
3 x^ -T- X = 3 a; ; hence the first term of the quotient is 3 x. Multi- 
plying X -|- 4 y by 8 X, we have 3 x^ -|- 12 xy as one of the parts into 
which the dividend can be separated. By subtraction, we have 
1 xy -\- 28 y*, which must be the product of the divisor and the rest 
of the quotient. Then the second term of the quotient is 7 xy -f- x, 
or 7 y. Multiplying x + 4 y bj this term, we have 7 xy -|- 28 y^, and 
there is no remainder. Hence the entire quotient is 3 x -|- 7 y. 

From the above example we see that the process of divid- 
ing one polynomial by another is as follows : 

(i) Arrange both dividend and divisor according to the 
descending (or ascending) powers of some common letter. 

(ii) Divide the first term of the dividend by the first 
term of tie divisor, and write the result as the first term of 
the quotient. 

(iii) Multiply -the divisor by the first term of the quotient, 
and subtract the product from the dividend, 

(iv) If there is a remainder, treat it as a new dividend 
and proceed as before, continuing the process until there is 
no remainder. 
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II. Divide a* — a^h + al/^ — b*' by a* - h\ 

a2 — 62 ) a4 __ a85 4. ^6* — 6* ( a^ — a6 -f- ft^ 

a4 — gg^a 

— a86 + a262 + a68 — 6* 

0252 =T* 

III. Divide ar« + 27 by a;^ + 3. 

a;2-|-3)x«-h27(x* — 3x2-1-9 

— 3 a:* +27 

— 3 a;*— 9a;2 



9x2 + 27 
9a;2 + 27 

IV. Divide a^ -. h^ ^ c^ ^'Zbchy a -b +c, 

a— 6 + c)a2 — 62_c2 + 26c(a + 6 — c 
a^ — ah + ac 

ab — ac — 52 — c2 + 26c 
a6 —52 4-ftc 

— ac — c2 + 6c 

— ac — c2 + 6c 

A more compact arrangement of work may be obtained 
by writing the divisor at the right of the dividend with 
the quotient below the divisor. 

V. Divide 6 a:» - 25 xhj ^^1 xi/ - 5y^hy 2x ^ 5t/. 

2x — 5y 



3x2 — 5a;y + y2 



6x8 — 25x22, + 27 xy2__5y8 
6x8 — 15x2y 

— 10x2y + 27xy2 — 5y8 

— 10x2y + 25xy2 

2 Xy2 — 5 y8 

2xy2 — 5y8 

Note. Every remainder should be arranged according to the 
descending (or ascending) powers of the same letter as the dividend 
and divisor. 
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EXAMPLES. 
Divide 

1. a^+2al+b^hj a+b. 4. x*+ Sx + 15hj x+ 3. 

2. a^-~2ab + b^hj a~-b. 5. a:« - lOx + 16 by re — 2. 

3. «2 — ^«bya + 6. 6. a:«+ 3 ar - 18 by a? + 6. 

7. or^- 5a- -24 by a- -8. 

8. 12 x^ + 11 xij - 56y^ hy ^x ^ 7 J/. 

9. «« + ar« by a + ar. 

10. a* — ar* by a — ar. 

11. X* f xY + y* by a:* + xy + y\ 

12. «« + 32 b^hj a + 2b. 

13. «« — a:« by a^+ax-j- x^ 

14. c' + cbyc^+l. 

15. a» _ 3a2^»+ 3a^'2 _ Z,» by a - ^. 

16. a^ — 2ab+b^'-c^hya — b + c, 

17. a' - ^^2 __ ^2 _ 2 ^c by a -h ^> -f- c. 

18. 4a:2 - 9 2^H 6 2/« - «2 by 2 ar + 3 y - «. 

19. 15 7n» — 10 m^n — 9 mn^ + 6 7i» by 3 t?* — 2 ». 
.20. 30 A;» - 43 A; -h 11 A;2+ 12 by 5 A; - 4. 

21. 21 aV — 34 abxy + 8 Z^^^ by 3 aa- - 4 by, 

22. a« - 4 a*62 + 4 a%* - b^ by a" - b\ 

23. a* -h a«62 + aft^ - a^b - a%^ - b^ by a« - «»». 

24. x^+xy+Sxz - 2^/2 + 6^^ by.ar + 2?/. 

25. a-» - 3 ar'^y + 3 xy^ — y« by ar^ - 2 a-y + y«. 

26. 6a*+9a2— 15 a by 2a2+2a+5. 

27. a* + 4 6* by a2 ^ 2 a* + 2 b^. 
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28. c'^+Sc^d - 16c(P'\-12d^ by c^+5cd - 6d\ 

29. d^^31d^+9hyd^+5d^ 3. 

30. m* - 18 m^ + 81 by m^ - 6 w+ 9. 

31. a* + 2 + a + 2 a^ by a + 1 + al 

32. 3A*+^ + 2^'-^*+l by A^+l-A. 

33. y-5i?H14j9-12byi?2„2i? + 3. 

34. 10x« - Tar - 11 «H 6a;H 2 by 4« + 2a;2 - 1 

35. 12a;2 4_ 3 a;* - 8aj» - 16 by x^+ 4 - 2a;. 

36. a« - 2 a«^»» + ^>« by a^ - 2 aZ> + 51 

37. c«+5c2-5c«-l by c^+3c+l. 

38. l-3«*+2a«by l + 2a; + a:l 

39. xY — x^ — y^+lhyxi/ — x — y+l. 

40. a* -h ^^^ + c* — 3 o^c by a + ft + c, 

41. a* + aV — x^ -f a^ — 2 ajy* + ^* by a:* + a: — y. 

42. 2 x^ + xy — xz — 3y^ -- 4:yz — z^ hj 2 X +3y + z, 

SPECIAL CASES IN DIVISION. 

37. The following results can easily be verified : 

(a^-b^)^(a+b) = a - b, 
(a^^b^)-^(a-b) = a + b, 
(a^ + b^ -^ (a+ b) = a^— ab + b^ 
(a^-b^ -hla-b) = a^+ab+ b\ 

These examples illustrate the following principles : 

(i) If the difference of the squares of tivo quantities is 
divided by the sum of the quantities^ the quotient is the 
difference of the quantities. 
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(ii) If the difference of the squares of two quantities is 
divided by the difference of the quantities, the quotient is 
the sum of the quantities, 

(iii) If the sum of the cubes of two quantities is divided 
by the sum of the quantities^ the quotient is the square of 
the first quantity, minus the product of the two, plus the 
square of the second, 

(iv) If the difference of the cubes of two quantities is 
divided by the difference of the quantities, the quotient is 
the square of the first quantity, plus the product of the two, 
plus the square of the second, 

EXAMPLES. 

Write by inspection the value of 

1. («2 - y2) ^ (X + y). 4. (16a3-l)-T-(4a-l). 

2. (x^^l)-^(x^l). 5. (c»-36e^^-^(c + 6c^). 

3. (4x2-9y^-^(2« + 3y). 6. (9a2--49t;«)-f-(3a-7£^). 

7. (1 - 81 a^b^ -^- (1 + 9 ah), 

8. (25 m* - 81 n^ -^{5m -,9 n). 

9. (4y«~25)-(2y»+5). 

10. (64 a;« ~ 25 a:^) -^ (8 a;» - 5 x). 

11. (x'^+7/)-^{x + y), 

12. (x^ -V)^{x- I). 

13. (a^j^%h^^{a+2b). 

14. (27 c» - rf8) ^ (3 c - d). 

15. (l + 8a:8)-^(l + 2ic). 

16. (64 7/i«-l)-^(4m~l). 

17. (120 p^ 4- 8) ^ (5 JO + 2). 

18. (a«+^»«)-^(a2+^,2). 

19. (8 c« + 27 rf») -^ (2 c2+ 3 e^. 

20. (8a;«-/)-^(2a;«-y3j^ 
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CHAPTER XI. 

SIMULTANEOUS BQUATIOXS. 

38. If we have an equation containing two unknown 
quantities, we can find an nnlimited number of pairs of 
values which satisfy the equation. For example, consider 
the equation 3 x + y = 7. Transposing the term 3 x, we 
havey = 7 — 3x. Then if x = 1, y = 4; if x = 2,y = l; 
if a; = 3, y = — 2 ; and so on without limit. 

Likewise^ a second equation of the same kind, as 
X + 4:1/ = 6, can be satisfied by an unlimited number of 
pairs of values. 

If, however, we consider both the equations mentioned 
above, we fiud that x = 2 and y = 1 is the only pair of 
values which will satisfy both equations. 

Two equations which express different relations between 
two unknown quantities are called independent equations. 
For example, 3 x + y = 7 and x + 4y = 6 are independent 
equations. 3 x -f- y = 7 and 6x + 2y — 4 = 10 are not 
independent equations ; by transposing — 4 and dividing 
by 2, the latter equation becomes the same as the first. 

Two or more independent equations which contain the 
same unknown quantities are called simultaneous equations. 
In order to solve such equations, there must be just as 
many equations as there are unknown quantities. 

The process of deriving from two or more equations an 
equation containing one less unknown quantity than the 
given equations is called elimination, and the quantity 
which does not appear in the new equation is said to have 
been eliminated. 
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2aj + 6y = 26. 



I. Solve P'* + ^y = f 
I 5x— 2y = 7. 



Multiplying the first equation by 2 and the second equation by 5, 
4x-|-10y=52. 
25aj— 10y = 85. 
By addition, 29 a; = 87. 

a= 3. 

Substituting this value of x in the first equation, . 

6+6y = 26. 

5y = 20. 

y= 4. 



IL Solve 5^^ + ^/ = ^- 
I4:x — 3y=^ 31. 



Multiplying the first equation by 2 and the second equation by 3, 
12x-H14y = 70. 
12x— 0y=93. 
By subtraction, 23 y = — 23. 

y = - 1. 
Substituting this value of y in the first equation, 
6a; — 7=36. 
6x = 42. 
a= 7. 

In I. the equations were added to eliminate y, because 
the signs of the y terms were unlike. In II. the equations 
were subtracted to eliminate x, because the signs of the x 
terms were alike. 

Note. This method of elimination is known as elimination by 
addition or subtra^ition. There are several other methods of elim- 
ination, but this is the best one for simple equations. 

It is always best to eliminate the letter which will re- 
quire the smallest multipliers to make the coefficients equal. 

In finding the value of the second unknown quantity, 
the value of the one found first can be substituted in either 
of the original equations. 



SIMULTANEOUS EQUATIONS. 



76 



If the equations contain fractions or parentheses^ each 
equation should be reduced to its simplest form before 
eliminating. 



EXAMPLES. 

Solve the following equations : 



2. 



6. 



9. 



10. 



11, 



12. 



C a; + y = 12. 
lx-7j== 2. 

(X -2y= 4. 

( 6 « — 2/ = 8. 
^3aj + y=19. 

C3a; + 2y = 23. 
<4a~3y= 8. 

C 5x + 2y = 19. 

i 2a;-3y = 14. 
l^x-5y^20, 

C4.x + 3ij = 17, 
l3x + 4y = 39, 

C 2a; + 32^ = 34. 

I7x — 9y = 80. 

C7x + 3y = 22. 
I9x + 4:y = 29. 

C 5x -\-iy = 17. 
^4a: + 32^ = 12. 

Sx — 7y= 0. 

5 a; 4- 3 y = 44. 

6 x - 8 y = 24. 
18. 



i6x- 8y = : 
l5x-7y = 



13. 



14. 



15. 



16. 



17. 



18. 



19. 



20. 



12x + 5y = 40. 
8a; — 3y = 52. 

C 7a; + 3y = 20. 
C 5 a; — 6 y = 55. 

(ia; + iy = 10. 

n^-i2/= 6. 
^ Jx+2y = 23. 

J +4y=35. 

4a; + 1 = 50. 
4 



X+T-^- 



4a; 
"3" 



-?^ = 23. 



fxj-2y 
2 
a; + y 



+ a; = 7. 



"2a; — 4y 



5x + 6y 



= 4. 



2 



= 11, 
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21. 



22. 
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x + 2 



X y 

x-^y 2y 
-4 X-^' 



'4a; 

J7> 



= 14- 



SB + 5 _6y 1 
a;-2 y + 3 



23. < 



I. "^ 



4 5 

2ar — 5 13 - y 



0. 
=0. 



as + i-,=— + 5 = 0. 



a; -10 



+ 42/ = 3. 



25. 



27. 



3 



8y = 31. 



10a;-?^-^ = 192. 






3 3 

8 



= 6. 



a; — 8y x 

L5 2 * 



^hx — 4y 2ic — y 



28. ^ 



6 



7- 



x—y _x y 



29. 



30. 



4 + ^ = 1 



4. 



To"+3 — r~ + ^^- 

'5y 4y-19_a; 20 - 2y 

~t 3 ~ 6 "^ 3 • 

x + 5y 2y + 21 
-7i r^ = o • 



39. If we have three independent equations contain- 
ing three unknown quantities, we can eliminate one of the 
unknowns from two of the equations, thus obtaining a 
single equation containing two unknown quantities. In 
like manner, we can obtain from the third equation and 
either of the others a second equation containing two un- 
known quantities. 
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(3x + 


4y + 2;.= 8. (1) 




I. Solve lix — 


5y^3z= 4. (2) 




i2x + 6i/ + 5zr=13. (3) 




Multiplying (1) by 5, 


l5a;4-20y-M02= 40. 




Multiplying (2) by 4, 


16a; — 20y — 12«= 16. 




By addition, 


31 X— 2z= 56. 


(4) 


Multiplying (1) by 8, 


9x + 12y-h 6«= 24. 




Multiplying (3) by 2, 


4x-M2y-hlO«=: 26. 




By subtraction, 


5«— 4z= —2. 


(5) 


Multiplying (4) by 2, 


62a;— 4z= 112. 


(6) 


Subtracting (5) from 


(6), 57 a; = 114. 
a;= 2. 




Substituting this value of x in (5), 10 — 4 z = — 2. 






— 4z=— 12. 






z= 3. 




Substituting these values of x and z in (1), 






6 + 4y + 6= 8. 






4y=-4. 






y=~l. 






EXAMPLES. 





Solve the following equations : 

(x + y + z = lS, 
x — y + z^S. 4. 

X —y — z = 2. 

«+ y+ «= 9. 
x + 2 2/ + 3 « = 22. 5. 

2a; + 3y + 5« = 36. 

a; + 4y — 3« = 19. 
3. ^ 4aj— y + 5z = 25. 6. 
Saj-j-Gy— « = 53, 



a;4-2y + 3« = 10. 
2a; + 3y + 4« = 16. 

5a; — 6y + 4«= 7. 

'6a; + 2y-3« = 15. 
4 a; + 3 y - 2 2 = 15. 
5a; + 4y — 7« = 15. 

3x — 6y + 4:z= 9. 
6a; + 5y-3« = 20. 
4a;- y + 3;?f = 34. 
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2x^ y-^z= 6. 



o 



7. J4a; + 3y + 2«= 4. 9. 

3 a;-- y — 4«= 7. 

6ar-3y = 26. 

3x — 6« = 26. 10. ■* 

x+ y+ «= 9. Li« + Jy~§« 

PROBLEMS . 
LEADING TO SIMULTANEOUS EQUATIONS. 

40. In many problems we have found that more than 
one number is required for the answer. Heretofore all 
such problems have been solved by the use of only one 
unknown quantity. Very often, however, the conditions 
are such that the answers can be obtained much more 
easily by using two or more unknown quantities. In all 
such cases we must be sure to obtain just as many inde- 
pendent equations as there are unknown quantities. 

I. A merchant sold 15 yards of silk and 8 yards of 
cambric for $13.20. To another customer he sold at the 
same rate 9 yards of silk and 5 yards of cambric for $7.95. 
Find the price of each per yard. 

X = the number of cents for 1 yard of silk. 
y = the number of cents for 1 yard of cambric. 
According to the conditions of the problem, 
15x + 8y = 1820. 
9a; + 5y= 795. 
Solving these equations, ^ { Silk, 80 cents, 

se = 80 ; y = 15. t Cambric, 15 cents. 

II. If the larger of two numbers is divided by the 
smaller, the quotient is 2 and the remainder is 7. The 
sum of the numbers is 2 more than twice the difference. 
Find the numbers. 
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X = the larger number. 
y. = the smaller number. 

Since in division a remainder is indicated by writing it above 
the divisor, 

? = 2+I. 

y V 

According to the second condition, 

a; + y = 2(x — y)-f 2. 
Solving these equations, 

x = 26\ y = 9. ^n«. 9 and 25. 

III. If the floor of a room were 2 feet longer and 1 
foot wider, it would contain 40 square feet more ; but if 
its length and width were each 1 foot less, it would contain 
2o square feet less. Find the dimensions. 

X = the number of feet in length. 
y = the number of feet in width. 
xy = the number of square feet in the area. 
If the length were increased by 2 feet, and the width by 1 foot, 
the number of square feet in the area would be {x-^2) (j/ -\-l)\ hence 
{x-\-2){y + l) = xy + 40. 
Likewise, (x — 1 ) (y — l)=xy — 25. 

Solving these equations. Arts i Lci^g^^* 14 feet. 

X = 14 ; y = 12. 'I Width, 12 feet. 

IV. If the numerator of a fraction is doubled and the 
denoihinator is diminished by 1, its value becomes J ; if 1 
is added to the denominator, its value becomes ^. Find 

the fraction. 

x =the numerator. 
y = the denominator. 

X 

- = the fraction. 

y 

2x 3 



y — 1 4 
X __1 
2/ + l~3" 
Solving these equations, 

a; = 6 ; y = \l. Ans. 
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V. A number consisting of two digits is equal to four 
times the sum of the digits. If 18 is added to the num- 
ber, the order of the digits is reversed. . Find the number. 

X = the tens* digit. 
y = the units' digit. 
10 jc -|- y = the number. 
10ar + 2/=4(x + y). 
10a; + y-l-18 = 10y + a5. 
Solving these equations, 

x = 2 ; y=4. Ans. 24. 

Note. If a number consists of three digits x, y , and z, the number 
isdenotedbyl00a;-|-102/+«. Forexample, 638 = 100X6-1- 10X3+8. 

EXAMPLES. 

1. If one of two numbers is multiplied by 4 and the 
other by 6, the sum of the products is 62 ; if the former 
is multiplied by 7 and the latter by 4, the difference of the 
products is 3G. Find the numbers. 

2. Find two numbers such that their sum divided by 
the larger equals 1 J, and their difference is 6 more than the 
smaller number. 

3. The sum of the ages of a father and son is 56 years, 
and the father's age is 8 years more than twice the son's 
age. Find their ages. 

4. Three times A's age is 42 years more than B's age, 
and one-half of B's age is 7 years less than A's age. Find 
their ages. 

5. Three years ago a father was three times as old as 
his son, and eight years hence the father will be twice as 
old as his son. Find their ages. 

6. Alfred, Henry, and James together have 95 cents. 
If Alfred is absent, the amount is 75 cents ; if James is 
absent, the amount is 65 cents. How much has each ? 



7. K A's moneT were increased it $71X>, he would 
have three times as mzivh as B ; but if B's moDer were 
diminished bv $1W. be wciud have one-Lalf as much as 
A. How much money has each ? 

8. If A gives B $3*^, B will then have twice as mnch 
money as A ; if, however, B gives A $3<">0, A will have 
five times as mnch as B. How mnch money has each ? 

9. A man paid a hVA cf $2.3i> with eight pieces of sil- 
ver, dimes and quarter-dollars. How many of each kind 
were nsed ? 

10. A man paid $136 for 20 barrels of flour, giving $8 
a barrel for first quality and $5 a barrel for second qual- 
ity. How many barrels were there of each kind ? 

11. A farmer sold 6 cows and 10 sheep for $290. To 
another person he sold 10 cows and 5 sheep for $390. 
What was the price per head of each ? 

12. A grocer can sell for 84 cents either 4 pounds of 
rice and 8 pounds of sugar, or 6 pounds of rice and 5 
pounds of sugar. Find the price of each per pound. 

13. The wages of 12 men and 8 boys amount to $31.20, 
and 5 men together receive $2.80 more than 8 boys. Find 
the wages of each. 

14. A man and his wife working together 6 days re- 
ceived $16.60. At another time the man worked 8 days 
and the wife 4 days, and they received $18. Find the 
daily wages of each. 

15. A grocer wishes to mix teas worth respectively 40 
cents and 65 cents a pound so as to form a mixture of 100 
pounds worth 50 cents a pound. How many pounds of 
each kind shall he take ? 
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16. How many pounds of chicory at 6 cents a pound 
and coffee at 28 cents a pound must be mixed with 20 
pounds of coffee worth 35 cents a pound in order to form 
a mixture of 75 pounds worth 24 cents a pound ? 

17. If the larger of two numbers is divided by the 
smaller^ the quotient is 2 and the remainder 6. If five 
times the smaller is divided by the larger, the quotient is 
2 and the remainder 1. Find the numbers. 

18. If the sum of two numbers is divided by the 
smaller, the quotient is 3 and the remainder 4. Five 
times the smaller number is 3 more than twice the larger. 
Find the numbers. 

19. A man has a rectangular lawn. If he adds 8 yards 
to the shorter side, the lawn will be a square. If he adds 
8 yards to both dimensions, the area will be increased by 
448 square yards. Find the dimensions of the lawn. 

20. If a rectangular lot of land were 3 feet longer and 
2 feet wider, it would contain 342 square feet more ; if it 
were 2 feet longer and 3 feet wider, it would contain 360 
square feet more. Find the dimensions. 

21. A sum of money was divided equally among some 
boys. If there had been 2 more boys, each would have 
received 4 cents less ; if there had been 2 less boys, each 
would have received 6 cents more. How many boys were 
there, and how much did each receive ? 

22. A fraction becomes equal to § if 3 is added to its 
numerator, and equal to ^ if 3 is added to its denominator. 
Find the fraction. 

23. If 3 is added to both numerator and denominator 
of a fraction, its value becomes J ; if 3 is subtracted from 
both numerator and denominator, its value becomes f. 
Find the fraction. 
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24. If the numerator of a fraction is doubled and the 
denominator is increased by 1, its value becomes J ; if the 
denominator is doubled and the numerator is increased by 
1, its value becomes ^. Find the fraction. 

25. The sum of the two digits of a number is 11. If 
27 is added to the number, the order of the digits is re- 
versed. Find the number. 

26. A number consisting of two digits is equal to six 
times the sum of the digits. If 9 is subtracted from the 
number, the order of the digits is reversed. Find the 
number. 

27. The sum of the two digits of a number is 11. If 
the number is divided by the sum of the digits, the 
quotient is 6 and the remainder 8. Find the number. 

28. A number consists of three digits, the units' digit 
being 1. If the hundreds' and tens' digits are inter- 
changed, the number is diminished by 360. If the hun- 
dreds' digit is divided by 3, and the tens' and units' digits 
are interchanged, the number is diminished by 409. Find 
the number. 

29. The sum of the three digits of a number is 14, and 
the tens' digit is equal to the sum of the other two. If 
99 is subtracted from the number, the order of the digits 
is reversed. Find the number. 

30. A man has $1500 at interest. On one part he re- 
ceives 3% interest, on a second part 4%, and on the third 
part 5%. The entire interest is $62, and the part receiv- 
ing 4% interest is equal to one-half the sum of the other 
two. Find the three parts. 
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CHAPTER XII. 

FACTORS. 

41. An algebraic expression which will divide another 
without a remainder is called a divisor or factor of that ex- 
pression. 

The algebraic expressions which multiplied together pro- 
duce a given expression are called the factors of that ex- 
pression. 

The process of resolving an algebraic expression into its 
factors is called factoring. 

Note. It is understood that only those factors which are free 
from fractions and radical signs are to be considered. 

The factors of a monomial can be determined by in- 
spection. For example, the factors of 15ab^ are 3, 5, a, b, 
and b. 

Many polynomials cannot be factored, but there are 
certain cases which always can be factored. The most 
important are given in this chapter. 

42. Case I. When all the terms have a common m^o- 
nomial factor, 

I. Factor 15 a* - 9 a^b — 2 a-, 

15 a* — 9 a26 — 2 a2 = 3 a* (5 a2 — 8 6 — 2). We see by inspection 

that 3a^ is a factor of 
every term. Dividing the entire expression by 3 a^, the quotient is 
5 a^ — 3 6 — 2. Hence the factors are 3 a^ and 5 a^ — 3 6 — 2. 

It is customary to write the factors as a product, placing each 
polynomial factor in parentheses. Monomial factors are grouped 
together, and as a whole are generally spoken of as the monomial 
factor. 







FACTORS. 


8 




1 


EXAMPLES. 




Factor the following 






1. 


a* — 1 a. 


8. 


72y«»-32y«««. 


2. 


3 a + 3 aJ, 


9. 


oc* — ca;' + cy. 


3. 


h* - h*. 


10. 


3a:» — 2a;» + «. 


4. 


3a-'- Ga-. 


11. 


4 to' — 2 wt'w + »t»'. 


5. 


12-6c«. 


12. 


5y-10y» + 15y*. 


6. 


8 c^dP - 24 cd*. 


13. 


3a»J-6ai' + 3a4. 


7. 


28 TO»n» — 8 mn\ 


14. 


a<J»c« + a'ftV + a»6«c*. 
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15. 24 arV - 36 a-y -f 12 x'yK 

16. 18 c«6Z* + 42 c*f/» - 24 cH\ 

43. Case II. When the terms can he arranged in 
groups^ each of which can he factored as in Case I. 

I. Factor a^ — ah — ac -\- he, 

a^ — ab — ac + hc = (a^ — ab) — (ac — be) We see by inspection 

= a {a — b) — c {a — b) that a is a factor of tlie 

= (a — b) (a — (•). first two terms, and c 

of tlie last two terms. 

Hence we divide tlie polynomial into two groups and factor each 

group as in Case I. We then see that a — 6 is a factor of each group. 

Dividing the entire expression by a — 6, we obtain a — c as the 

other factor. 

EXAMPLES. 

Factor the following : 

1. ax + hx + ag -jr hi/. 5. a' + 2 a;* + 4 a; + 8. 

2. px — py •\- qx — qy. 6. a^ — «^ — 4 a + 4 ft. 

3. m^ — mx — my + xy, 7. 16 — 4 a -f 4 6 — aZ». 

4. x^A^x^ — x — i, 8. 1 cJ^cd — 1d-d\ 
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9. 3 + 4m-6m«-8m«. 11. A* - 2 A* + 3A - 6. 
10. 4a«~6«^-6a + 9. 12. c« + 6 c^t^ + crf^ + 6 rf«. 

13. m^n* — mnjy — vinq + pq, 

14. 2 am + 2 ftn + a^/w. + abn, 

44. Case III. When a trinomial is a perfect square. 

I. Factor «« + 2 o^ + h\ 

a2-f 2a6 4-&2 = (a + &)^. In §30 we learned that (a + h)^== 
a2 4- 2 a6 -f 6^. Writing this identity in 
reverse order, the factors of a^ + 2 a6 -|- 11^ are a-\-h and a + &. 

A trinomial which is a perfect square must satisfy the 
following test: two terms are squares and positive, and 
the third term is twice the product of the square roots of 
the other two. 

Note. To find the square root of a monomial, JZnd the square 
root of the coefficient^ and divide the exponent of each letter by 2. 

II. Factor 16 x^ — 40 xi/^ -f 25 y\ 

16x2 — 40xy2_|_25 2^ — (4x_5y2)2. This trinomial satisfies the 

test of a perfect square. Tlie 
square root of 16 x^ is 4 x, and the square root of 25 y* is 5 y^ ; con- 
nect these terms by the sign — , the sign of the middle term. Then 
16 x^ — 40 xy^ -j- 25 y* is the square of 4 x — 6y^. 

EXAMPLES. 

Factor the following : 

L x^-2xij + y\ 5. a^ + 6a + 9. 

2. a2 + 2a + l. 6. c^d^-Ucd + ^d, 

3. x^ — 2 mnx -f m^n\ 7. a^c^ — 10 acd^ + 25 d\ 

4. a^b^ + 2 abed -\- c^d\ 8. a:« + 12a:y -f 36/. 
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9. 4a3-4a + l, 13. 100 a« - 20 a + 1. 

10. 9 m* + 42 rn^n + 40n\ 14. 64 A^ + 48 AA; + 9 k\ 

11. 16p''-\-Spq + </. ^ 15. 81p2 + 36^7 + 4 .7^ 
12* 16 a* - 56 «2^,'^ + 49 b\ 16. 36 - 132 c* + 121 c\ 

45. Case IV. When a binomial is the difference of 
two squares, 

I. Factor a^ - h\ 

a2 — 62 = (a -f 6) (tt — 6). In § 30 we learned that (a + b)(a — b) 
= a2 — ^2^ Writing this identity in re- 
verse order, the factors of a^ — 62 g^^e a -|- 6 and a'—b. 

The difference of two squares can be resolved into two 
binomial factors, the sum of the square roots of the terms 
and the difference of the same square roots. 

II. Factor 16 x^ - 25 1/, 

16x* — 25y2 = (4a;2-f 5y) (4a;2--5y). The square root of 16iB* 

is 4 x\ and the square root 
of 25 2/2 is 5 y. Hence the factors of 16 a;* — 25 y^ are 4 a;2 + 5 y and 
4x2 — 5y. 

EXAMPLES. 

Factor the followinj' : 



1. 


c^ - d\ 


6. 


16 - a\ 


11. 


81 a%« - 1. 


2. 


xhf - z\ 


7. 


4^»-9y=. 


12. 


d> - 144. 


3. 


«»-l. 


8. 


25«^-49J». 


13. 


1-36 a*. 


4. 


y« - 25. 


9. 


121 -4i». 


14. 


a;« - y\ 


5. 


«i' — 4 v?. 


10. 


a%\^ - 9. 


15. 


49a;<-16«^ 



46. Some polynomials include three terms which form 
a perfect square. Many of them can be expressed as the 
difference of two squares, and then factored by the prin- 
ciple of Case IV. 
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I. Factor a» - 2 ah + 6^ - c\ 

a2 — 2a6 + 6a — c2 = (a2 — 2a6-f 62)_c« 
=:(a — 6)2 — c2 
= (a — 6-j-c) (a — 6 — c). 

II. Factor aj* — y" + 2 y« — ««. 

= (x4-y — 2)(x — y + 2). 

EXAMPLES. 

Factor the following : 

1. ^(a + *)*— c«. 8. jp" — a;« + 2ajy — y*. 

2. (a;-y)«-4. 9. a«-4a + 4-25i«. 

3. a»-(w + «)«. 10. a*+6<wj + 9c» — 49<^« 

4. aj«-(y-«)«. 11. 4a«-ft« + 66c-9c«. 

5. 5« + 2ftc + c«-rf«. 12. 49-aj»-10a:y-25y«. 

6. w2-n»-2n/>-i?«. 13. 4a:2-9y«-24y«-16««. 

7. A« - 2 AA; + A;» - m«. 14. 36aj3-36a;y+92/«-4««. 

47. Case V. When a binomial is the sum or difference 
of two cubes. 

In §37 we learned that the sum of two cubes can be 
divided by the sum of their cube roots, and the difference 
of two cubes can be divided by the difference of their 
cube roots. In either case the second factor can be deter- 
mined by the principles given in § 37. 

I. Factor «• + b\ 

a» + 68 = (a + 6)(a» — a6 + 6^). Since {a^ -h b^) -h (a + b) = 

a^ — ab-h 6^, the factors of 
a» + 6«area + 6anda2— a6+i>^ 
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II. Factor 8 «•- 27/. 

8a;3_27y» = (2x — 3y) I4x^ + 6xy + 9y% The cube root of 8 oc" 

is 2 X, and the cube root 
of 27 y* is 3 y. Hence the factors of 8 «* — 27 y* are 2 x — 3 y and 
4ar2 4-6a;y4-9y2. 

Note. To find the cube root of a monomial, find the cube root 
of the co^eient^ and divide the exponent of each letter by 3. 

EXAMPLES. 
Factor the following : 



1. 


c» + d'. 


6. 


l+8aV. 


11. 


x* + y*. 


2. 


m» - n». 


7. 


216 - z\ 


12. 


x'-y*. 


3. 


a;»+l. 


8. 


xY + 343. 


13. 


a" + 6". 


4. 


y*-!. 


9. 


27a.*+125a*. 


14 


OT» + 612. 


5. 


27 m* + «». 


10. 


64o»-343d». 


15. 


125y» + l 



48. Case VI. When a trinomial has the form 

In §31 we have four cases of multiplication of binomials 
where the products are of the form under consideration. 
Writing these in reverse order, we have the following j 

a^ + 10 aj + 21 = (a; + 7) (a + 3). 
aj«~ lOx -f 21 = (x - 7) (x - 3). 
x*+ 4 a; - 21 = (aj + 7) (x — 3). 
aj^- 4a;-21 = (a;-7) (aj + 3). 

We see that each of these trinomials can be resolved 
into two binomial factors. The first term of both factors 
is the square root of the first term of the trinomial, and 
the second terms of the factors are two numbers whose 
product is the last term of the trinomial and whose alrje- 
braic sum is the coefficient of the second term of the 
trinomial. 
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1. Factor ac* + 11 a; + 24. 

x« + llaj + 24 = (a;+8)(a; + 3). We wish to find two numbers 

whose product is 24 and whose 
sum is 11. To obtain the product 24, we may take 24 and 1, 12 and 
2, 8 and 8, or 6 and 4 ; from these we select 8 and 3 as the pair whose 
sum is 11. Hence the factors are x + 8 and x + S. 



II. Factor a' — 17 oa; + 16 a\ 

x2 — 17 ox + 16 a^ = (x — 16 a) (x — a). We wish to find two quan- 
tities whose product is 16 a^ 
and whose sum is — 17 a. Since the sum is negative and the pro- 
duct positive, the quantities must both be negative. By inspection 
we find that the quantities are — 16 a and — a. Hence the factors 
are X — 16 a and x — a. 

III. Factor a« -f 7 a — 18. 

a2-f-7a— 18 = (a+0) (a — 2). We wish to find two numbers 

whose product is — 18 and whose 
sum is 7. Since the product is negative, the numbers have unlike 
signs ; since the sum is positive, the larger number is positive. By 
inspection we find that the two numbers are 9 and — 2. Hence the 
factors are a-|-9 and a — 2. 

IV. Factor m^ — mx — 20 x\ 

m^ — mx — 20 x^ = (m — 5 x) (m -f- 4 x) . We wish to find two quanti- 
ties whose product is — 20 x* 
and whose sum is — x. Since the product is negative, the quantities 
have unlike signs ; since the sum is negative, the larger quantity is 
negative. By inspection we find that the quantities are — 5 x and 
4 X. Hence the factors are m — 6 x and m -|- 4 x. 

EXAMPLES. 

Factor the following : 

1. a;2 + 5aj-f6. 4. y^ _j^ 7 y — 8. 

2. x^ — 5x-^Q, 5. «2+7a + 10. . 

3. i/^-6y + 8. 6. ^2 _ 12 6 + 11. 
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7. z^ + 7z + 12. 19. a^-Sa€-{-12c\ 

8. «2 + 4«-12. 20. c^ + 2cd-^15d\ 

9. m« + m — 20. 21. m^ — 3 ma; — 18 a;«. 

10. m^ — Sm — 20. 22. 7/1^ + 11 jmi + 18 nl 

11. c^- 17 c + 30. 23. l-10w + 2l7i2. 

12. d^ + 15d-{- 36. 24. 1 + 9i? - 22 y.^. 

13. ^a,^ 11 A -42. 25. a^^ - 18 fta; + 32 ^^^ 

14. 2>«-18i?+56. 26. if + 6ci/-A0c\ 

15. y«~^~72. 27. c2-13cy-48y^ 

16. a;^ — oo; — 2 a^ 28. a« + 11 a;s - 60 ««. 

17. a:2-6a;2/ + 4y«. 29. ;5:2 - 12a;sj - 64;^8. 

18. a« + 7 a* + 6 b\ 30. ^>2 _^ 19 ^,y + 84 q^ 



49. Frequently more than one principle of factoring 
can be applied to a given expression. If all the terms of 
an expression have a common monomial factor, this factor 
should first be placed before parentheses as shown in Case 
I. If an expression can be expressed as the difference of 
two squares, it should be resolved as in Case IV. before 
applying any other principle. 

In addition to the six cases that have been given, tri- 
nomials of the form «* + a^b^ + // should be mentioned. 
By multiplying a^ -f ab + b'^ by a^ — ab + b'^, we find that 
a* + a^b^ + b^ = (a^ -]- ab -\- ¥) (a^ ^ ab J^ b^). 



I. Factor ^x^y — (S xhj — 72 x% 

3a^y — 6x8y — 72a;2y = 3x2y(x2_2x— 24) Casel. 

= 3x2y(a; — 6)(x + 4) Case VL 
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II. Factor a« - h\ 

a«-6« = (a8 + 6»)(a«-6») Case IV. 

= (a + 6) (a^ — ab + lP) (a — 6) (a^ + a6 + 6*) . . . Case V. 

III. Factor a^ — a» - a; + 1. 

a2aj — aa — x4-l = a2(x — 1) — (x — 1) 

= (« — !) (a2-l) CaselL 

= (x — l)(a + l)(a — 1) Case IV. 

MISCELLANEOUS EXAMPLES. 



1. 


a" - 26 oJ + 88 b\ 


21. 


6m* -18m*- 60 m\ 


2. 


as" - 10 ax - 96 a\ 


22. 


b*-2b'-4:b + 8. 


3. 


«« _ a;» _ 9. 


23. 


a* -8 a* + 16 a". 


4. 


a^ -^-ax — ay — xy. 


24. 


4y* + iy*. 


5. 


u^b — ab -{- a* — a. 


25. 


9x«-16a;y. 


6. 


«»-16a + 64. 


26. 


64 - y*. 


7. 


a* - b*. 


27. 


m* + 2 w* + 1. 


8. 


a*-l. 


28. 


x* + 7x»-8. 


9. 


a* + b". 


29. 


a;* — y* — 4 y« — 4 «*. 


10. 


x» - x". 


30. 


a*x + a'y — b*x — h*y. 


11. 


b» - c». 


31. 


16 a;* -1. 


12. 


«= - J" - c» - 2 be. 


32. 


Zx> -Zxi/. 


13. 


x^ + y' — z' — 2xy. 


33. 


a;« + a;» + x. 


14. 


X* + x'y' + y*. 


34. 


«* + «V + ^y* + y* 


15. 


a*-9al\ 


35. 


36 a" + 84 a + 49. 


16. 


lGx*-9x^z\ 


36. 


ac* — bc* + Za—3b. 


17. 


eO + ScW. 


37. 


8x*4.24xy + 18y«. 


18. 


5xY— 3x'y + 5x\ 


38. 


a;« + 8a;»-48a;<. 


19. 


a* + 6aV>'(^ + 9b*c\ 


39. 


^a?'— 6 ac + c^ -16 cP. 


20. 


a*— a* + Sa — 8. 


40. 


4a»_3a«-16a + 12. 
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CHAPTER XIII. 

COMMON FACTORS AND MULTIPLES. 

50. A common factor of two or more algebraic expres- 
sions is an expression which will divide each of them 
without a remainder. 

The Inghest common factor, of two or more algebraic ex- 
pressions is the expression of highest degree which will 
divide each of them without a remainder. For example, 
2 a and Sb are common factors of 12 a^b^ and lSa% but 
6 a^b is the highest common factor. 

From this definition it follows that the highest common 
factor of two or more algebraic expressions must consist 
of all the factors common to the expressions. 

For convenience H.C.F. is used to denote the highest 
common factor. 

Note. The names greatest common divisor (G.C.D.), highest 
common divisor (H.C.D.), and greatest common measure (G.C.M.) 
have the same meaning as hiyhest common factor, 

I. Find the highest common factor of 24 a^b^c, 32 a"& V, 
and 60 a^b, 

24 0^6^0 =2^ XSa^b^c, 2, a, and b are the common factors. 

:y2(r^b^c^ = 2^a^h^c^. 2 occurs at least twice in each expres- 

(>0 a^b = 22 X 3 X 5 a^b, sion, and hence must occur twice in the 
II. C. F. = 22 a^b = 4 a^b. H.C.F. Likewise, a must occur three 
times in the H.C.F. Then the product 
of all the common factors is 4 a^b. 

Note. The numerical part of the highest common factor can 
generally be determined by inspection ; in all such cases it is not 
necessary to write down the factors of the numerical coefficients. 
In this particular example we can see by inspection that 4 is the 
largest number that can be divided into 24, 32, and 60 without a 
remainder. 
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II. Find the highest common factor of x^ — 4 y^j 
x^ — 4 a'y + 4 y*, and x* + xy — 6 tj^, 

a;2 — 4y2 = (x + 2y) (x — 2y). 
x2_4xj^-h4y2=:(a. — 2y)2. 
J2 + jy — 62/2 = (x-f 3y) (x — 2y). 
H.C.F.=x — 2y. 

III. Find the highest common factor of 2 a* -f- 2 a^, 
4 a* — 4 a", and ^a^-\-^a\ 

2a8 + 2a2 = 2a2(a + I). 
4a» — 4a8 = 4a8(a2— I) = 4a3(a4-l)(a — 1). 
6a« + 6a8 = 6a8(a» + l) = 6a«(a-f l)(a2 — a + l). 
H.C.F.=2a2(a-fl). 

To find the highest common factor of two or more alge- 
braic expressions, factor the exjjressions, and find the pro- 
duct of all the common factors^ talcing the lowest power of 
each factor, 

EXAMPLES. 

Find the highest common factor of 

1. 2 a^b^ and 3 a'^b^ 3. 12 aVc and 28 acH\ 

2. 6 x^y and 16 xy\ 4. 45 x^i/z and 75 x^y\ 

5. 16 cH\ 40 cH\ and 56 c^d\ 
6.. 24 m«w«, 48 m^n\ and 84 m'^n. 

7. 27 m^npY> 36 ti^*^, and 54 tij?*^*. 

8. 28 a^m% 42 aVy, and 63 aV'«- 

9. 35 a«^>«c2, 48 a^b^c\ and 60 a'^^c*. 

10. 39 ah^^y, 52 ^>«xy2, and 91 c'xY- 

11. x^ — xy and x^ — y^, 

12. c^-2cd and cc^ - 2 6^^. 

13. a^ + a% and a» + b\ 
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14. 15 a; -5 and 27 a:^ -3. 

15. 10 {a + by and 6(a + by. 

16. 8 (a - by and 12 (a^ - ^>2). 

17. 0^2 — 4 and x^ -\- 5 x -\- 4:, 

18. m' + 4 m^?i and 7/i' + 64 n'. 

19. x^ — 5x + 6 2indx^ + x — 12. 

20. ^2 - 6 aj + 9 and a;2 + 3 a; — 18. 

21. 4/ - 4 and 6f + 12y - 18. 

22. 4 a'^b - 36 a^^. and 6 a*^^ - 18 a^^,^ _ 108 ab\ 

23. a^ — ab — ac -\- be and a' — c*. 

24. ar^ -f 2/2 __ ^2 _(_ 2 ary and x'^ — y^—z^ — 2 yz. 

25. a^ - 6 a, a^ - 12 a + 36, and a^ - 36. 

26. 2 a^^ (a + b), 3 a'c (a + by, and 6 a*6? (a + by. 

27. a:* - /, a:* + a^V' + 2/S and a;« - 2/«. 

28. »» _ 3 a^ _ 10 a, a* - 9 a« + 20 aS and a« + a* - 30 a". 

29. a« - 27 ^>^ a« - 6 a2^» + 9 a^»^ and a» + a^J - 12 ab\ 

30. 3 c* - 6 c« - 4 c' + 8 c, 6 c^ - 27 c^, and c« -f 6 c« — IBc. 

51. A multiple of an algebraic expression is an expres- 
sion which can be divided by it without a remainder. 

A common multiple of two or more algebraic expressions 
is an expression which can be divided by each of them 
without a remainder. 

The lowest common multiple of two or more algebraic ex- 
pressions is the expression of lowest degree which can be 
divided by each of them without a remainder. For ex- 
ample, 24 a^^' is a common multiple of 4a*^'^ and 6a%\ 
but 12a*6* is the lowest common multiple. 
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From the definition it follows that the lowest common 
multiple of two or more algebraic expressions must consist 
of all the different factors of the expressions. 

For convenience L.C.M. is used to denote the lowest 
common multiple. 

I. Find the lowest common multiple of 14 a%^i)^ 24 a^hd^, 
and 36 a%\ 

14 a'^l/'c =2X7 a^&Sc. The lowest common multiple not 

24 a''6tP = 2* X3a*&iP. only must contain all the diflferent 

30 a%'^ = 2* X 32 a^})^, factors, but also each factor must be 

L. C. M. = 28 X 3- X 7 a^l/'cd^ present as many times as it is found 
= 504a^6SccP. in any one expression. Then the 

product of all the dififerent factors 

is 604 a^l/>cd?^. 

Note. The numerical part of the lowest common multiple can 
frequently be determined by inspection ; in such cases it is not neces- 
sary to write down the factors of the numerical coefficients. 

I I. Find the lowest common multiple of (Sx* — 12 x^y^ 

3u:* — 3icV — 6a;/, and 2aj» + 4a;V + 2xi/\ 

6x8 — I2a;2y = 6x2(x — 2y). 
Sx^ — Sx^ — (\xy^=:Sx(x^—xy—2y^) = Sx{x — 2y) {x-\-y). 
2x^ -\- Ax^y -\-2xy^ = 2 X {x^ + 2xy -^ y^) =2x{x-\-yyK 
L.C.M.=6a;2(x— 2y) {x+y^. 

To find the lowest common multiple of two or more 
algebraic expressions, factor the expressions, and find the 
jtroduct of all the different fa/^tors, taking the highest power 
of each f alitor, v 

EXAMPLES. 

Find the lowest common multiple of 

1. a^J/^c^ and 3 a%h\ 4. 15 xY^ and 40 xh\ 

2. 4 x^ and 6 x^. 5. a%c, ah\ and aJ)c\ 

3. 8 a%^c^ and 20 a%, 6. 2 x% 3 x% and 4 y^z\ 
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7. 12 m^«, 24 wV, and 30 m«7i» 

8. 18 m^np^, 27 n^nY, and 81 rn^pY- 

9. 22 « Vy, 25 b^x^y, and 33 c*a;*;3J. 

10. 30 xYzy 35 ajV^«, and 42 xy«««. 

11. ic^ — if and a:« - 2 a-y 4- y». 

12. a^ - h^ and a^ - h\ 

13. w» + 3 m» and {m + 3)«. 

14. 4 a^ - 4 and 2 a^ 4- 2 a. 

15. (x — 7jY and x* — y*. 

16. x^y + a:y* and a:« + yz, 

17. A;« + ^~12andA:«-A:-20. 

18. y» + 9 y« + 8 «« and y« — 5 y;3j - 6 «*. 

19. ax -— fta5 — a?/ + fty and a^x — a'y. 

20. a-* + xV' 4- ^^* and x* + x//». 

21. xyy x(x — y)y and y (x* — 2^^). 

22. a* (x + y), a» (x + y)\ and a^ (a; ^_ y)8^ 

23. 15 (a - hy, 25 (a - h)\ and 35 (a - h)\ 

24. a (m + 7i), a" (?w — n), and a*^" (m" — n^, 

25. (c + c^S (c - <^S and c^ - d\ 

26. am^ — an\ m* — mn', and m^n + w*. 

27. ^2 — q\ p^ 4-^2^ and jo* - y*. 

28. c» - c, 6»4. c^ 4- c + 1, and c« - c^ + t? - 1. 

29. 2x«- 2x - 24, 3x2 - 18 X 4 24, and 4x'^ 4- 4x - 24. 

30. x«-(2/ + «)^ 2^«-(x + «)Sand««-(x + y)». 
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CHAPTER XIV. 

FRACTIONS. 

52. We have learned that the operation of division can 
be indicated in the fractional form. For example, the 

quotient obtained by dividing a by ft is written — . When 

we consider this expression as a whole, we call it a fraction. 
The dividend a is called the numerator, and the divisor b 
the denominator. The two together are called the terms of 
the fraction. 

If the same factor is inserted in both numerator and 
denominator of a fraction, the effect is the same as multi- 
plying the fraction by 1, which does not affect the value 
of the fraction. Likewise, removing the same factor from 
both numerator and denominator is the same as dividing 
the fraction by 1, and the value of the fraction remains 
the same. This important principle may be stated as fol- 
lows: 

Multiplying or dividing both numerator and denominator 
of a fraction by the same factor does 7iot change the value 
of the fraction. 

REDUCTION OF FRACTIONS TO LOWEST TERMS. 

53. A fraction is in its lowest terms when the numer- 
ator and denominator have no common factor. 

The factors common to numerator and denominator can 
be removed by dividing both terms by their highest com- 
mon factor. 
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I, Reduce ._ ,,. - to its lowest terms. 
48 aWif 

30a86*c2 _ 5a^^ gy inspection we see that 6 a%H^ is tlie highest 

48 026^0* 8c^ common factor of numerator and denominator. 
By dividing both terms by Oa'-^ftV^ the fraction is 
reduced to its lowest terms. 



a;* — 3aj — 10 

II. Reduce = — to its lowest terms. 

a;' + 8 

gg — .3g— 10 _ (g — 5) (a;4 -2) __ _^-z^_ Factoring both 
«« -f 8 ~" (x -|- 2) («2 — 2 x+ 4) "~ a-'^ — 2 X -h 4 numerator and 

denominator,we 
see that x + 2 is common to both. By removing this factor the 
fraction is reduced to its iqwest terms. 

Note. If all the factors of the numerator are removed, the re- 
sulting fraction has 1 for its numerator. If all the factors of the 
denominator are removed, it becomes a case of exact division and 
the denominator vanishes. 



EXAMPLES. 

Reduce the following fractions to their lowest terms : 

12 x» - 12 mnp^ 

7. 7^ H • 13. 



28aj« 21mnp^ 

8 oa* Q 1^ a^x^y^ 
Ta^' 35a^xY' 

7 mxy ^ 140 x^z 



14. 
15. 



9 abm 35 x^z^ 

28 a%^ -^ 30 abhd} 

36 aV" '6Qa%^cd^' 

12 cH h^ 

62 cH^' ab + b^' 

9 ahnn^ - ^ mx — my 

15 am^n ' ' mz ' **" 9 a^ — 16 c* 



a 


+ b 




a^- 


-b'' 




a 


-b 




a' 


-b'' 




be 


-b 




be" 


-b 




m" 


-n' 




m' 


-«•■ 






3ot»- 


3 


m" 


+ 2m 


+ 1 


3a 


" - 4 ac 
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19 P*-P2^ 23 ^^"^-^^^ 

16«> + 24a;y + 9y^' a«-6«' 

• c«-c« + 30c* x« + y« + «2- 



REDUCTION OF FRACTIONS TO INTEGRAL OR 
MIXED EXPRESSIONS. 

54. An integral expression is an expression which has 
no fractional part ; as 3 oo and 2a— b. 

Note. An integral expression may be treated as a fraction 
whose denominator is 1 ; thus, a — & is the same as — - — 

A mixed expression is an expression consisting of an in- 
tegral expression and a fraction ; as 2 a -| 

c 

6g^ — 9a + 4 . 

I. Reduce ■ — to a mixed expression. 

Qa^ — ^**"l"^_«9 qi ^ ThiE is merely an example in di- 
3 a ~" 3 a vision where there is a remainder. 

The quotient is 2 a — 3, and the re- 
mainder is 4, which is written above the divisor in fractional form. 

3 ic* — 14 cc 4- 5 

II. Reduce j—^ — to a mixed expression. 

a;— 4 )3x2— i4x-|-5(3x — 2 The quotient is 3 x — 2 and the re- 
Zx^ — 12 X mainderis — 3. The fraction must 

— 2 X + 5 have the same sign as the remainder. 

— 2x+8 ^ o o 3 
—T Ans. 3 X — 2 • 

— 3 X — 4 

Note. When there is no remainder, the answer is an integral 
expression. 
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EXAMPLES. 
Eeduce to integral or mixed expressions 

a^-2ab-^2b^ 



1. 


7 


7. 


2. 


4a 


8. 


3. 


3 ««« — aa;" 
ax 


9. 


4. 


3aJ + 4ac+5rf 
a 


10. 


5. 


3a/> + 2 6'' 
a-\-b 


11. 


6. 


«''+ &« 


12. 



a;» 


a — 6 
- 3x4-2 


a!» 


a;-2 
-1 


X 

2( 


+ 1" 


a;'' 


a — b 


a;" 


x^-y^ 

— x"— X + 1 



a + b x^ -{- X + 1 

' REDUCTION OF INTEGRAL AND MIXED 
EXPRESSIONS TO FRACTIONS. 

55. I. Reduce a -f ft to a fraction whose denominator 
is c, 

o + & = Considering a + 6 as the fraction "T , we can 

c 1 

multiply both numerator and denominator by c 

and thus obtain the desired result. 

In any case an integral expression is equal to a fraction 

whose numerator is the product of the integral expression 

and the denominator. 

a;2 __ 2 y^ 
II. Reduce x — y -\ — to a fractional form. 

^ gg — 2 yg _ g2-y2+g^-2y2 _ 2 g^ — 3 y^ 

X — ~y "T" j — ; — i 

x-\-y x-\-y x-\-y 

fjfl y1 ^.2 2 W^ 

'^ — "• — - ; adding — -j- to this, tlie numerators can be 



x-hy ' ^ x-\-y 

written over the common denominator. Then by combining, we 
obtain the desired result. 
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IIL Beduce x — y ^ to a fractional form. 

— a;«— 2y» _ a;g — yg — a;g + 2?/g _ y^ When a fraction 

« + y"" « + y ~~x+yl8 preceded by the 

sign — , the sign of 
every term of the numerator is changed just as in removing paren- 
theses. 



EXAMPLES. 
Reduce to a fractional form 



1. 


-I 


2. 


.,..y. 


3. 


i 


4. 


1-- 


5. 


a 


6. 


c 


7. 


c — d 

x+ 

m 


8. 


^>-"V' 


9. 


25-3a 

5a 

4 


10. 


1+ '.■ 



11. 1-p^-l'^.. 

p + ^'l 

12. 2^^+i. 
z a — o 

13. m -— w + 



14. i>-|7 + 

15. a + 5 + 



i^ + ? ' 

16. ^Va-J. 



17. — L-^+ic — 1. 

a;-2 
ic — 3 

a-2_l2 



19. .T - 5 - 



.r + : 



rf« — h^ 

20. a + />~ , /; . 

a'' — aft -j- Ir 
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LOWEST COMMON DENOMINATOR. 

56. When several fractions have the same denominator, 
they are said to have a common denominator. If the de- 
nominators of two or more fractions are not the same, it is 
always possible to reduce the fractions to equivalent frac- 
tions having for their common denominator a common mul- 
tiple of the denominators. The lowest common multiple of 
the denominators is called the lowest common denominator. 

For convenience L.C.D. is used to denote the lowest com- 
mon denominator. 



I. Keduce ., ., , _ , . , and ^ -; ^ to equivalent f rac- 
tions having the lowest common denominator. 

6c _ 6 a%cx^ We find the L.C.M. of 2 a^x, 3 a^ic^, and 4 a^x^ 

2 aH " 12 o*aj8 to be 12 a*a;8, 2 a^ must be multiplied by 6 a-x^ 

2 win Sa^nn ^^ obtain 12a*x8; hence the numerator must be 

Q 2a.8 ~ in fl4a.8 multiplied by 6 a^x^ in order to keep the fraction 
of the same value. The other two fractions are 

^yg^ _ Q^yg^ treated in the same manner. 
4o*aj2 12a*x8 



II. Reduce -= 7i tz and -5 to equivalent 

fractions having the lowest common denominator. 

2z _ 2x __ 2g (x + l ) 

aj2 — 6a; + 9"" (x — 3)2 "" (x — 3)2 (x -fl) ' 

3x _ 3x _ 3x(x— 3) 

x2— 2x — 3""(x-3) (x-M)~(x — 3)2(x + l)' 

We find the L. C. D. to be (x —3)2 (x + 1). The first denominator 
must be multiplied by x -|- 1 and the second by x — 3 to obtain the 
L. 0. D. Hence the first numerator must be multiplied by x -|- 1 and 
the second by x — 3 in order to keep the fractions of the same value. 
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To reduce fractions to equivalent fractions having the 
lowest common denominator, in each fraction multiply both 
numerator and denominator by the quotient obtained by 
dividing the lowest common denominator by the denominator 
of that fraction. 

Note. Every fraction should be in its lowest terms before find- 
ing the lowest common denominator. 

EXAMPLES. 
Reduce to equivalent fractions having the lowest com- 
mon denominator 

1. — r- , -— , and —- . 7. - , , and — 

4b 9 X X -\- y X — y 

n m n ^ p ^ a m^ , mn 

«. -!»-&» and—. 8. -,—^ =-, and-^ j^- 

x^ y^ xy b ab — b^ a^ — b^ 



«6x5y,4 -.34 , 

3. -T- 1 -4 » and --^ . 9. -, z-, and -^ 



5 



ab a^ ab^c a-\-b a—b d^—b^ 

. 2a 2b , c ,^ 2-a , 4 

4. Q-2» -j^-i' and -. 10. — - — and-j -^. 

Zx^ oy* 2 z 2 + a 4 — a^ 

^ a — Sb .2// 4- 3/5 -- a 4- b .a — b 

5. -j^-2— and — j-y^— • 11. ; and — -^ . 

3 a^c 4 aO^ a — b a -}- b 

6. , , and . 12. -^ r, and - "^ 



ic + 3 a? — 3 X ' ^^ — y^ a;* — y* 



ADDITION AND SUBTRACTION OF FRACTIONS. 

57. I. Add - H 

7ii m 

a . b _^a-\-b Since the denominators are alike, the sum is 

in iii~~ m ' a fraction having the same denominator and a 

numerator equal to the siun of the numerators. 

In the same way it cau be shown that = . 

*^ m m m 
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T-r A 1 -I ^ ^ 

II. Add — J 

m n 

a_ , 6 __ ^ 1 &wi ^ an+ bm When the denominators are not 

m n~'mn mn"' mn ' alike, the fractions must first be 

reduced to equivalent fractions 
having the lowest common denominator, and then added. 

In the same way it can be shown that = — . 

m n mn 

To add or subtract fractions, reduce the fractions, if the 
denominators are not alike j to equivalent fractions having 
the lowest common denominator ; then add or subtract each 
numerator, according to the sign which precedes it, and 
write the result over the lowest common denominator, 

Txx CI. ,.^ a + 2b a '-2b a^ — Ab^ 

III. Simplify --\ — 4- o-T— • 

^ ^ b ^ a 2ab 

a + 2ft , g — 26 gg — 4&« 
6 "•" o 2ab 

~" 2a6 2g6 2g6 

_ 2g^ + 4a5+2a5— 45^— g2 + 46« 
"■ 2a6 

_ a^-\-6ah _ a-\-6b 
~ 2ab "~ 2 b 
Note 1. Remember to change the sign of every term in the 
numerator when the fraction is preceded by the sign — . 
Note 2. Every answer should be in its lowest terms. 

L 1 



IV. Simplify 



ac — c^ a^ -\- a/; 
1 1 



g2+gc""c(g — c) g(g + c) 

_ g^ + gc a c — c^ 

~gc(a + c)(g— c) gc(g-fc)(g — c) 
g2 -f ac — gc + c^ 



' ac (g + c) (g — c) 

gg + cg 
'gc(g2 — c2)* 
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Note 1. When the denominators are polynomials, write them in 
the factored form, hut perform all multiplications in the numerators. 

NoTB 2. In case the term^ of the numerator unite to form 0, 
the entire answer is 0. 

EXAMPLES. 

Simplify 

I. —^ g . 6. — ^ 4~''"~9 
a — h a -\- b a . 1 1 m — n 

a-b a + b ^a^-l^ 
a b ah 

^- ^^ + 4^ + -3^-- 

^ m — 2n m— 4?i m — 8w 
• 2m "^ 4m """ 8m ' 

4x^ "^ Sx 12' 

a^^5 56^-6 4«^-9 

^ a^-Sb^ Sa^ + 3b^ 6a^-ab^ 
5^^ + 5^2^^ 10 b^ ' 

II. ^ + 1. 15. ^ ^ 



12. ? + _i^. 16. ^^ ^ 



y x + ij x — y(x — yY 

13. 1 + -^. 17. ^ + ^f. 

14. ^+ 1 . 18. ^-^. 
a — 3 a — o a + 5 a — 5 
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19 _6_. 3«-8 a;» + 4y» x-2y 

20. ^L±^_^^l±«\ 22. ?^ ?^. 

23. :^ + ^+ * . 



24. 



1 + a 1 — a 1 — a' 
4 11 



4 — m' '2 +m 2 — m 



25. z^-^ + z-' 



X^ — 1 X + 1 X — 1 

26. ^ + ^-^2^, 

27. _^ + _^_l. 
a + aj a — X 

28. _^+ 2 1 



29. x + 



X -{- y X — y X 
X — z X -^ z 



x^ -\- xz x^ — xz 



30. '^ + -^ + - " 



c a ■\- c (I + <if*^ 



MULTIPLICATION AND DIVISION OF FRACTIONS. 
$8. I. Multiply -by-. 

o^^6 ah T^<* -i^ ^1. 

- X - = — . Let — = ic and = y. Clearing of fractions, a^mx 

m n mn m n ® 

and h = ny. The product of these equations is 
ah = mnxy. Dividing this result by mn, — =ixy. Multiplying to- 
gether the original equations, — X - = xy. Hence — X - = — • 

m n m n mn 
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In like manner it can be shown that — x - X - = 



m n p mnp 
and 80 on for any number of fractions. 

To find the product of several fractions, multiply the 
numerators together for a neiv numerator, and the denomi- 
nators/or a new denominator, 

NoTB. Before performing the multiplication every integral ex- 
pression should be written as a fraction having 1 for its denominator 
and every mixed expression should he reduced to the fractional 
form. 

II. Divide -by — 

m '^ n 

— -=-- = — Xt=i. • !-•«' - -7- - = X . Since the dividend is 
m n ffi oTfi m n 

the product of the divisor and the quotient, 

— = - X x . Multiplying by r* — Xr=-Xa!Xr = a5. Hence 

m ' n'^ m 6 "" 6to ' 

To divide a fraction by a fraction, invert the divisor, and 
then proceed a^ in multiplication. 

TTT c- ive 3 6V Sax 3i/ 

III. S,mphfy^--X^X^.. 

4 y' Every answer should he in its low- 

^l^c . 8><^ Zy^ __ icy* est terms. Instead of multiplying 
5;^ M^ 2^p/^ 5a* the fractions together and then reduc 

^ Q, . _ . . - - 



ing this result to its lowest terms, it 
is easier to cancel like factors befpre 
performing the multiplication. 



7Tr a. vr «' - 6' C^ - d^ 

IV. Simplify X -TT-Ti. X 



c — d a^ •\- ah a — b 



a2— 62 ca^a 1 

X "~5 1 TT X ■ 



c — d a^ + ab a — b 



Ji±±Q{^^::^ {c + d){^^-tn 1 _ e-\-d 
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The process of cancellation is made easier by first writing all 
numerators and denominators in the factored form. 

V. Simplify ^-x ^._^_^,, -^^^^py.- 

g a^ — b^ . a — h 

h a2 — a6— 2 6^ ' ab-\-b'^ 



_a ja^^^ia^^^ ^(Q-f 6) _ a(a H- 6) 
EXAMPLES. 



Simplify 



3aV 7fec 3x 5y 7z 

7a^5» 20a;y' 4a* 9 5^ 

^ Sa 7c hd^ - ^a% 2bbH^ ^. 

^ 7a»ft* 4aaj 21 a*5» 

9- Kz^.y^ 



n 



25 m»n^ 70a;V _^ 4m^ 
14 xy ^ 76^« ' "3^ ' 

11- -^X-- 13. — »— X 



AM? a ' m^n m* — »^ 

12 A^^±^ 14 14 y« , 2y~8 

,- ic» + 5aj- 24 5aj 

W- ^^ X 



4tx x^ — bx -\-Q 

^x^ — 2x 2aj2-4a; 
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17. 






18 ^' + g^ (a - bf 

• a - ^ ^ aZ> + ^»2 • 

--, 4 rt« - 5« a^ + 2 ab 

19, V — . 

ng. a^ — ax a^ — ax — 2x^ 



iX 



21. 



ax+x^^a' — 2ax -\- x^' 

x^—y^ X + 1/ 

x^ + xj/ — 12^2 • x^ — 9y^' 



«o 3 a — 12 a + 1 

22. V 



a^ + 3a + 2^a» — 3a — 4 
23. "^x " + ' 



24. 



m^ ~ 4 ^ m^ 4- 2 m + 4 

ar' -f y* X* — y* 

x^ + xy + y^^ x-\-y' 



rte aJ + 1 x — 1 

ft^ 3 aa a^ — x^ btj -\-y^ b — y 

26. V V — -~ V — . 

4.by ^ b^ - y^ ^ ax + x^ ^ a - x 

g- a;^+a; — 12 ac^ — 5aj — 6 a;' + a; 

• x^-ie ^ a;2 - 5 x + 6"^ «2-2a;' 

30 ^^ x'''-''\cf2 * "I 
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COMPLEX FRACTIONS. 
59. A OQmiilex fraction is one that has a fraction in one 
or both of its terms. It is a case of division of fractions 
where the dividend is written above the divisor. 

'*• 

-1 



I. Simplify 

1- 



1 = 



x + 1 
X — X + 1 1 The fnction is ti^ated like 



1 X — 1 X — 1 an example in division of 



fractions. The numerator 
^^-V7| = " '^i — = ac+T * ^'^^^ denominator are simpli- 
fied separately, and then the 
nnmerator is multiplied by 



1 _ a; + l — 1 
+ 1" x-{-] 



* 1 * ^(^ ^) the denominator inverted. 

In many cases, however, a simpler method is to multiply 
both terms of the fraction by the lowest common multiple 
of the denominators of the fractional terms. 
1 

II. Simplify — 






2 



. j^ Both terms of 

x _ afi-\-x _ x{x^-^l) _ X the fraction are 

^2_i. «* — I"~(x2 + l)(x2 — l)~"ic2_i" multiplied by x^ 

x^ the lowest common 

multiple of the de- 
nominators of the 
fractional terms. 



EXAMPLES. 



Simplify 



1. « . 2. -^. 3. -^. 4. _-*. 

a-- 1 1+^ 3«+ — 

c X X 6 
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9. U' 7. i-,. 9. i-^. 

8 7 . ^ a c 

6. ^1: 8. 1 10. -iLA.. I 

X b^ b a 

m m + 1 




11. Z — ;_I. 14. 



m — 1 . m 



a b c ' m m — 1 ' 

Tt c a m -\-l m 

m n a -^ b a — b 

-^ n^ m^ ^g, a — b a + b 

1 11 a ■{- b a — b 

m^ m/i n^ a — b a -{- b 

ax a 4- b a— b 

13. 1^. 16. l±^^:i|. 

ax a-\' b a — b 



a-^- X X — y i? + y 



SPECIAL PROBLEMS. 118 

CHAPTER XV. 

SPECIAL PROBLEMS. 

50. In Chapter III. we studied fractional equations 
in which all the denominators were monomials. We are 
now prepared to study fractional equations which contain 
polynomial denominators. 

12 3 



I. Solve 



«- 1 ^x-2 x-3 
12 3 



X— 1 X— 2 X— 3 
Multiplying both members by (x — 1) (x — 2) (x — 3), the L.C.D., 
(x_2)(x— 3)+2(x— l)(x — 3)=3(.r— l)(x — 2). 
Performing the multiplications indicated, 

x2 — 5x + 6 + 2x2— 8x-|-G = 3x'^ + 9x + 6. 
x2-|-2x2— 3x2 — 5x — 8x + 9x = 6 — 6 — 6. 
— 4x = — 6. 
x = lj. 

EXAMPLES. 

Solve the following equations : 

x-2 _ 2 3 (?_+_^)' = ^«^ + 3 

.a; + 4~6* ' x-^3 2 

(3a:-4)(2a:-H) 
6a:(x-l) 

OJ X + 1 



1 



1 ^ = 0. 

-3x 1 -2a; 
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8. 


3a; + 5 3x-5 
4a: + 2 4a;-8* 


9. 


6a; + 8 Sx-12 
2aj + 5 2x- 5' 


10. 


3a;-2 3a;-5 

a; (x - 2) «» - 4 ■ 


11. 


x + 6 a;-+16 , 1 
2 (a; -2) 4(a;-2)"'"3' 


12. 


2 1 1 

X + 1 X x^-\-x' 


13. 


3 2 26 
a:-l^ a; + l x*-l' . 


14. 


» + 1 7 «» 




«-! « + ! «»-!" 


15, 


8 3 45 




a;-3^a; + 4 x^-\.x~12 



LITERAL EQUATIONS. 

5L Literal equations are equations in which some or all 
of the unknown quantities are represented by letters. 

I. Solve i + ^ = ^±^. 
m m + x mx 

m m + x'~ mx ' 
• Clearing of fractions, x(m + x)+ mH = (m + a:) (m + x). 
Removing parentheses, ma; + jc^ -f mH = m^ -|- 2 mx + x^. 
x2 — x2 + mx + m2x — 2mx = m2. 
m^x — mx = m^. 
(?»2 — m) X = m2. 
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EXAMPLES. 

Solve the following equations : 

1. 2a — bx = 5c — 3bx. 

2. a(x — c) + ax = ex — a, 

3. (x + a) (aj — a) = a;' — 2 aj5 + 2 a\ 

4. • (a - 2 b) X — (a + 2 b) X = 4:b\ 

5. (x + m) (x —■ n) = (x + m —n)'. 

6. ^ + ? = 1. 
m n 

„ ac , 1 

7. — = ab 4- c . 

X X 

« ax — c X 4- ab 



9. 



ft ^ ft 

2ft -1 _ a^(x^^l) 

X X 



lA m(p^4-x^) mx 

10. ^^ ^ — <■ =^mq + 

px P 

nx mx 

-rt ic* — a X 4- a 2x a 

12. — + .^p_= +-. 

bx b b X 



13. 
14. 



4 aar — 3 ft ax — a ax 3 



4ft 3ft ft 4 

a; + 3 __ a + ft 
X — 3 "~ a — ft* 



^- 2a + x X ^a^ -{-b^ 

• ft + a: ■*"ftTr^""ft^^::^' 
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WORK PROBLEMS. 

52. Problems concerning work should be solved by con- 
sidering the fractional part of the work that can be done 
in a unit of time. For example, if a man can do a piece 
of work in 6 days, he can do J of the work in one day ; if 
he can do the work in x days, the part he can do in one 

day is denoted by - . 

I, A can do a piece of work in 6 days, and B can do it 
in 8 days. How long will it take both together to do it? 

X = the number of days it will take both together. 

- = the part A can do in one day. 
o 

- = the part B can do in one day. 
o 

- = the part both together can do in one day. 

6^8 X 
4a; + 3x = 24. 
7a; = 24. 
xsSf. ^na. Sfdays. 



EXAMPLES. 

1. A can do a piece of work in 3 days and B can do 
it in 5 days. How long will it take both together to do 
it? 

2. A cistern can be filled by a pipe in 3J hours, and by 
another in 2 J hours ; how long will it take both together 
to fill it ? 

3. A can do a piece of work in 4 days, B in 6 days, and 
C in 9 days. How jong will it take them to do it, work- 

*ing together? 
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4. A and B can do a piece of work in 6 days. A, work- 
ing aJone, can do the same work in 10 days. How long 
would it take B to do it ? 

5. A can do a piece of work in 8 days and B can do 
it in 12 days. A, B, and C, working together, can do it in 
4 days. How long will it take C, working alone, to do the 
work ? 

6. A cistern can be filled by one pipe in 5 hours and 
can be emptied by another pipe in 4 hours. In what time 
will the cistern be filled if both pipes are open ? 

7. A cistern has two pipes, one of which can fill it in 
4 hours, and the other in 6 hours; a third pipe can empty 
it in 3 hours. If all three pipes are open, how long will 
it take to fill the cistern ? 

8. One pipe can fill a cistern in 6 hours, and a second 
pipe can fill it in 6 hours. The first is kept open 3 hours, 
and then the second is opened. How long will it take to 
finish filling the cistern ? 

9. A can do a piece of work in 16 days ; B can work 
twice as fast as A, and C twice as fast as B. How long 
will it take them all together to do it ? 

10. A can do a piece of work in 12 days, A and B can 
do it in 4 days, and A and C can do it in 6 days. In how 
many days can B and C together do it ? 

11. A can do a piece of work in 6 days, working 8 
hours a day. B can do the same work in 8 days, working 
9 hours a day. They decide to work together, and to 
finish the work in 4 days. How many hours a day must 
they work? 
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CLOCK PROBLEMS. 

S3. The solution of clock problems depends upon the 
fact that the minute-hand moves twelve times as fast as 
the hour-hand. 

I. At what time between 4 and 5 o'clock are the hands 
of a clock together ? 

X sthe number of minutes past 4 o* clock. 
That is, X =the number of minute-spaces tlie minute-hand moves. 
X — 20 = the number of minute-spaces the hour-hand moves. 
Since the minute-hand moves twelve times as fast as the hour-hand, 
a; = 12(ic — 20). 
a; = 12a; — 240. 
a — 12x = — 240. 

— llx = — 240. 

X = 21^Y- -^^*« 21tT minutes past 4 o'clock. 

II. At what time between 3 and 4 o'clock are the hands 
of a clock opposite each other ? 

X = the number of minutes past 3 o'clock. 
That is, X = the number of minute-spaces the minute-hand moves. 
X — 15 — 30 = the number of minute-spaces the hour-hand moves. 

a; = 12(a; — 15 — 30). 

a; = 12 (a; — 45). 

« = 12 a; — 640. 
X — 12x= — 540. 

— llx = — 540. 

X =48^. An8, 48^^ minutes past 3 o'clock. 

EXAMPLES. 

1. At what time between 2 and 3 o'clock are the hands 
of a clock together ? 

2. At what time between 8 and 9 o'clock are the hands 
of a clock together ? 

3. At what time between 1 and 2 o'clock are the hands 
of- a clock opposite each other ? 
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4. At what time between 9 and 10 o'clock are the hands 
of a clock opposite each other ? 

5. At what time between 5 and 6 o'clock are the hands 
of a clock at right angles to each other ? 

6. At what time between 10 and 11 o'clock are the hands 
of a clock at right angles to each other ? 

7. At what time between 3 and 4 o'clock is the minnte- 
hand of a clock five minutes in advance of the hour-hand ? 

8. At what time between 7 and 8 o'clock is the hour- 
hand of a clock ten minutes in advance of the minute- 
hand? 



DISTANCE PROBLEMS. 

54. The principle used in the solution of distance 
problems can be shown by a simple illustration. If a man 
walks 3 miles an hour, he will walk 24 miles in 8 hours. 
Using dy Vj and t to denote respectively distance, rate, and 

time, d = rt. The formula is often used in the form - = ^. 

r 

I. A man sets out and walks at the rate of 4 miles an 
hour; 6 hours later a boy starts in pursuit, riding on a 
bicycle at the rate of 12 miles an hour. In how many 
hours will the boy overtake tLe man ? 

X = the number of hours the boy rides, 
jc 4- 6 = the number of hours the man walks. 
Since d = rt, 12 x = the number of miles the boy rides. 
4 (x -|- 6) = the number of miles the man walks. 
12x=4(x+6). 
12a; = 4x+24. 
12« — 4x=24. 
8x=24. 
o; = 3. AnB.Z hours. 
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II. A man walks into the conntiy at the rate of 3 miles 
an hour, and returns by electric cars running at the rate of 
9 miles an hour. His entire trip lasts 8 hours. How far 
does he walk ? 

X = the number of miles he walks. 

-:=the number of hours he walks. 
3 

- = the number of hours he rides in the cars. 

8« + a; = 72. 
4« = 72. 
x = 18. J.n«. 18 miles. 



EXAMPLE^. 

1. A train running at the rate of 30 miles an hour has 
been gone 2 hours, when a second train follows at the rate 
of 42 miles an hour. In how many hours will the second 
train overtake the first ? 

2. Two steamers on the same line start two days apart. 
The first runs 280 miles a day, and the second 350 miles 
a day. In how many days will the second overtake the 
first? 

3. Two men start from two cities 320 miles apart and 
walk toward each other. The first walks 22 miles a day, 
and the second 18 miles a day. In how many days will 
they meet ? 

4. The'' distance from Boston to Springfield is 99 miles. 
A man starts from Boston and rides at the rate of 8 miles 
an hour ; at the same time another man starts from Spring- 
field and walks at the rate of 3 miles an hour. How far 
from Boston will they meet? 
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5. A man who walks at the rate of 4 miles an hour 
starts 2 hours after another man, and overtakes him in 6 
hours. Find the rate of the slower man. 

6. A train can run 200 miles in a certain time. If the 
rate is increased 5 miles an hour, it can run 25 miles more 
ill the same time. Find the rate of the train. 

7. In going the entire length of a railroad, a freight 
train running 15 miles an hour requires 8 hours more time 
than a passenger train running 35 miles an hour. Find 
the length of the railroad. 

8. A man. has just 3^ hours at his disposal ; how far 
may he ride in a ear which runs at the rate of 10 miles an 
hour so as to return home in time, walking back at the 
rate of 4 miles an hour ? 

9. A and B start from the same place walking at dif- 
ferent rates. When A has walked 12 miles, B doubles his 
pace, and 4J hours later overtakes A. If A's rate is 4 
miles an hour, what is B's rate at first ? 

10. The distance from M to N is 120 miles. A train 
leaving M at a certain rate meets with an accident after 
running 90 miles ; its rate is then reduced one-half, and it 
reaches N one hour late. Find the original rate. 
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CHAPTER XVL 

SQUARE AND CUBE ROOTS. 
SQUARE ROOT. 

55. In § 30 we learned that the square of a + ^ is 
a* + 2ab + b\ Hence the square root of a^ + 2ab + h^ 
is a 4- ^. Thus we see that the first term, a, of the root 
is the square root of the first term, a^, of t^e given ex- 
pression. 

Subtracting a* from the given expression, the remainder 
is 2aft + h\ or (^a -i^ h) b. Hence if we divide 2ab + b'^ 
by 2 a -f- i, the quotient, b, is the second term of the root. 

The divisor 2 a 4- ft is known only in part, so we take 2 a 
as a trial divisor ; dividing 2 ab by 2 a, the quotient is b. 
Hence b is the second term of the root, and the complete 
divisor is 2 ab 4- ft^ 

Multiplying 2a + b by ft, we obtain 2ab + b\ and there 
is no remainder. 

The following is a convenient arrangement of the work : 

a« 4- 2 aft 4- ft2 (a + ft 
/.a 



2a4-ft)2ttft4-ft« 
2 aft + ft^ 

I. Find the square root of 9 x^ — 24 xy + 16 y^. 

9x2 — 24xy4-16y2(3x — 42/ The square root of 9x2 ig 

9 x^ 3 X, which is the first term of 

6x — 4y)—24xy-\-lQy^ tlie root. The trial divisor is 

— 24xj/4-16y2 two times 3 x, or 6 x. Divid- 

ing — 24 xy by 6 x, the second 
term of the root is — 4 y , and the complete divisor is 6 x — 4 y . M ul- 
tiplying 6 x — 4 y by — 4 y, we obtain — 24 xy 4- 16 y^ and there is no 
remainder. Hence the square root of 9 x^ — ^24 xy 4* 16 y- is 3 x — 4 y. 
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The same method can be applied to longer expressions. 
At e:i**Ii stage of the work the trial dirisor is twice the 
Tvot a n^aJy foand. 



11. Fmiltbesqnarerootof 16m*— S2j«»+17iii*-.6w+l. 

16 iw* 

8in*— Sin)— 32m*-hl7ii**— «m + l 

8r3 — 6 IN -hi )8m^ — 6111 + 1 
8iii«— 6m + l 



EXAMPLES. 

Find the square root of 

1. 4/;i^+20iim* + 2on*. 5. x« + 22x* + 121, 

2. 9a-*-42xy + 49y*. 6. 4 c» - 60 c»rf« + 225 rf«. 

3. 16/ + 72y«2* + 8l5r«. 7. 36«« + 156aV+ 169c« 

4. 25/?* - 80 /A2 + 64 q^ 8. 196 ft^* - 28 />•+!. 

9. «* - 2 a«6 -h 3 a*^^^ - 2 «Z»« + «»*. 

10. 4 ^»* + 4 />• - 7 «»« - 4 /> + 4. 

11. 1-66 + I3c«- 12c« + 4c*. 

12. m* — 4 ?«•» + 8 ?w7i« + 4 n*. 

13. 9x*-24a:«- 14 x* + 40 x + 26. 

x^ - 6xV + 4x« + 92^^ - 12y + 4. 

a« _ 2 a» + 3 a* - 4 a« -.3 «« - 2 a + 1. 

17. a;« — 4 x« + 6 «• + 8 x« + 4 X + 1. 

18. a« - 4 a*^ - 2 a* + 10 <i.« + r/^ _ 12 « + 4. 



14. 
15. 
16. 
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56. The first step in finding the square root of a num- 
ber is to determine the number of figures in the root. 
V = 1, 10« = 100, 100« = 10000, 1000^ = 1000000, and so 
on. Hence the square of any number between 1 and 10 
is a number between 1 and 100, the square of any number 
between 10 and 100 is a number between 100 and 10000, 
the square of any number between 1000 and 10000 is a 
number between 10000 and 1000000, and so on. Thus we 
see that the square of a number contains twice as many 
figures as the number itself, or twice as many less one. 
If, therefore, a number be separated into periods of two 
figures each by placing a dot over every alternate figure, 
beginning with the units' figure, the number of figures in 
the root equals the number of periods. 

Note 1. The left-hand period has but one figure when the num- 
ber consists of an odd number of figures. 

Note 2. The principle applies also to decimals, because the 
square of a decimal contains twice as many decimal places as the 
decimal itself. 



I. Find the square root of 4096. 

4096 ( 60 -h 4 = 64 Since the number consists of 

3600 two periods, the square root will 

120 + 4 = 124)496 consist of two figures. The 

^QQ square of the number denoted 

by the tens' digit of the root 

Or more briefly must be the largest square in 40 

. . hundreds; that is, 36 hundreds. 

^^^i^ Hence the tens' figure of the 

??— root is 6, and the number 60 

124 ) 496 corresponds to a in the algebraic 

^^Q process of the preceding section. 

Subtracting 3600, the square of 

60, the remainder is 496. The trial divisor is 120; dividing 496 by 

120, we obtain 4 as the units' figure of the root, which corresponds 



843.3216(29.04 
4 
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to 6 of the algebraic process. The complete divisor is 120 + 4, or 
124. Multiplying 124 by 4, we obtain 496, and there is no remainder. 
Hence the square root of 4096 is 64. 

In the shorter arrangement of work, 12 may be considered as the 
trial divisor, and the units' figure is obtained by dividing 49 by 12, 
which gives the sam« result as dividing 496 by 120. 

II. Find the square root of 843.3216. 

After finding 29 as the first two figures of 
the root, the trial divisor is 58 ; 58 is not con- 
tained once in 23, so the next figure of the 
49 ) 443 root ig q. Then the next trial divisor is 580, 

4"*^ which can be used at once by bringing down 

5804)23216 another period. Since there are two periods 

23216 of whole numbers, the root lias two figures 

before the decimal point. 

The square root of a fraction in its lowest terms may be 
obtained by taking the square root of both numerator and 
denominator when they are perfect squares. For example, 
the square root of |f is f ; the square root of 11 J is the 
same as the square root of i§^, which equals ^^, or 3 J. 
When either numerator or denominator is not a perfect 
square, reduce the fraction to a decimal, and then find the 
square root. 

III. Find the square root of |. 

} = 0.375 6.3750 ( 0.61237 , ^ T "'*'* ^' """^^^^d to com- 

* plete the second period after the 

decimal point. Other periods of 

121 ) 150 |.^Q zeros each may be brought 

^^^ down as they are needed. When 

1222 ) 2900 the square root of a number cannot' 

2444 be determined exactly, the approx- 

12243)45600 imation should be carried to as 

36729 many decimal places as is demanded. 

122467)887100 
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EXAMPLES. 

Find the square root (to four decimal places when the 
number is not a perfect square) of 



1. 


729. 


7. 


82.2649. 


13. 


^%- 


2. 


1681. 


8. 


446.0544. 


14. 


AV- 


3. 


6241. 


9. 


642722.89. 


15. 


h 


4. 


654481. 


10. 


0.4. 


16. 


?• 


5. 


4884100. 


11. 


0.225. 


17. 


30f 


6. 


7106.49. 


12. 


■ 62.5. 


18. 


n- 



CUBE ROOT. 

57. By performing the multiplication we learn that the 
cube of a -{- b is a* + 3 a^b -{• 3 ab^ -{■ b^. Hence the cube 
root of a" -f 3 a% -f 3 a^^ + i* is a -|- b. Thus we see that 
the first term, a, of the root is the cube root of the first 
term, a", of the given expression. 

Subtracting a" from the given expression, the remainder 
is 3 a% ^3ah^ -{- b\ or (3 a^ -f 3 a^ + b^) b. Hence, if we 
divide 3 a^^^ + 3 ab^ + b^ by 3a^ + 3ab + b\ the quotient, 
b, is the second term of the root. 

The divisor 3a^ + 3aft-f-ft^ is known only in part, so 
we take 3a^ as a trial divisor ; dividing 3 a% by 3 a"^, the 
quotient is b. Hence b is the second term of the root, and 
the complete divisor is 3 a^ -^ 3 ab -{- ft^. 

Multiplying 3 a2+ 3 aZ»+^»2 by ft, we obtain 3a%^3ab^Jf-h^, 
and there is no remainder. 

The following is a convenient arrangement of the work : 
a» 4- 3 a^ft -f 3 a^»2 + ^,«(a + ft 

a» 

3 a* 4- 3 aft -f ft^ ) 3 a^^ft -f- 3 aft^ + ft« 
3 a^ft + 3 aft^ -f ft« 
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I. Find the cube root of 27a;» - 108 xhj + 144 xi/ - 64 y«. 

27x8 — 108x2y-|- 144x2/2— 64 y8(3x— 42/ 
27x8 

27 x2 — 36 xi/ -h 16 2/2 ) — 108 x^j/ 4- 144 X2/2 — 64 2/8 
— 108 xhf 4- 144 xy^— 64 y^ 

The cube root of 27 x^ is 3 x, which is the first term of the root. 
The trial divioor is three times (3 x)^ or 27 xK Dividing —108 x^y by 
27 x'^, the second term of the root is — 4 y. The complete divisor is 
(lelermined by adding to the trial divisor three times the product of 
:\x an. I — Ay and the square of — 4y; thus the complete divisor is 
..7x* — 3()xy-|-16y2. Multiplying the complete divisor by — iy, 
wo obtain — 108x^^4 144 xy^ — 64 y*, and there is no remainder, 
lltnce the cube root of 27 x^- 108x^2/ + 144x2/2 — 64 2/^ is 3 .t — 4 y. 

The same method can be applied to longer expressions. 
At each stage of the work the trial divisor is three times 
the square of the root already found. 



II. Find the cube root of a« 4- 6 a« - 40 a» + 96 a — 64. 
a8 + 6a6 — 40a8 + 96a — 64(a2-|-2o--4 



3a*-|-6a3-|-4a2)6a 
6a 


5— 40 0^4- 96a — 64 
^4- 12a* 4- 8a8 


3a*-|-12a8 + 12a2 

— 12a2— 24 a 

16 


— 12 a* — 48a8-|-96a — 64 


3a44-12a3 — 24a4-16 


— 12 a* — 48 a3 + 96 a — 64 



The cube root of a? is a'^, which is the first term of the root. The 
trial divisor is three times (a )^, or 3 a*. Dividing 6a^ by 3 a*, the 
second term of the root is 2 a. The complete divisor is 3 a* -|- 3 a^ . 2 a 
+ (2 a)2, or 3 a* 4- 6 a3 4-4 a^. 

After finding two terms of the root, the second trial divisor is 
3(a2 + 2a)2, or 3a*4-12a=^4 l^a^. Dividing — 12o* by 3aS the 
third term of the root is — 4. In order to obtain the second complete 
divisor, we must add to the trial divisor 3(a2-|-2a) ( — 4), or 
— 12 a2— 24 a, and (— 4)2, or 16. Hence the second complete divisor 
i8 3a*4-12a«— 24o4-16. 
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EXAMPLES. 

Find the cube root of 

1. a'«-9aj2 + 27a;- 27. 

2. i/ - 12 i/z -I- 48 yz^ - 64 z\ 

3. 7w« + 6m*-f 12a/i2 + 8. 

4. 8a-«- 12a-2 + 6ar-l. 

5. 27c« + 54c2<; + 36rtf'» + 8(£«. 

6. «• - 3 a* -H 6 a* - 7 a» + 6 a^ — 3 a + 1. 

7. «• - 9a;« + 21 X* -f Qa-' - 42aj2 _ 36^. _ 8 

8. 8 a* + 12 a'* _ 30 a* - 35 a« + 45 a^ + 27 a - 27. 

9. 27 y« - 54 2^« + 902^* - 80 2^« + 60^^ - 24 3^ 4- 8. 
10. 64 «• - 96 a^b + 40 a»Z»« -Qab^- h\ 

58. In finding the cube root of a number, the first 
step is to divide the number into periods. Since 1*= 1, 
10« = 1000, 100» = 1000000, and so on, the cube of any 
number between 1 and 10 .is a number between 1 and 1000, 
the cube of any number between 10 and 100 is a number 
between 1000 and 1000000, and so on. Thus we see that 
the cube of a number contains three times as many figures 
as the number itself, or three times as many less one or 
two. If, therefore, a number be separated into periods of 
three figures each by placing a dot over every third figure, 
beginning with the units' figure, the number of figures in 
the root equals the number of periods. 

Note 1. The left-hand period may contain but one or two figures. 

Note 2. The principle applies also to decimals, because the cub^ 
of a decimal contains three times as many decimal places as the 
decimal itself. 
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I. Find the cube root of 103823. 





103823(47 




64 


3X402 = 4800 


39823 


3 X 40 X 7 = 840 




72= 49 




5689 


39823 



Since the number consists of two 
periods, the cube root will consist of 
two figures. .The cube of the num- 
ber denoted by the tens^ digit of the 
root must be the largest cube in 103 
thousands; that is, 64 thousands. 
Hence the tens' figure of the root is 
4, and the number 40 correspon(\^ 
to a in the algebraic process of the preceding section. Subtracting 
64000, the cube of 40, the remainder is 39823. The trial divisor is 
3 X402, or 4800; dividing 39823 by 4800, we obtain 7 as the units' 
figure of the root, which corresponds to b of the algebraic process. 
The complete divisor is 3 X 402 -f 3 X 40 X 7 + 72, or 5689. Multiply^ 
ing 5689 by 7, we obtain 39823, and there is no remainder. Hence 
the cube root of 103823 is 47. 



II. Find the cube root of 1906.624. 



1906.624(12.4 

1 



3X102= 300 


906 


8X10X2= 60 




22= 4 




364 


728 


8X1202 = 43200 


178624 


8X120X4= 1440 




42= 16 




44656 


178624 



The cube root of a fraction in its lowest terms may be 
obtained by taking the cube root of both numerator and 
denominator when they are perfect cubes. When either 
numerator or denominator is not a perfect cube, reduce the 
fraction to a decimal, and then find ^he cube rgot. 
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III. Find the cube root of /^ to four decimal places. 



.350 (.7047 
343 



3 X 7002 ^ 1470000 

8X700X4 = 8400 

42 = 16 



1478416 



7000000 



5013664 



1086336 

The first trial diyisor is 3 X 70^, or 14700. Since 14700 is not con- 
tained once in 7000, the next figure of the root is 0. Then the trial 
divisor is 3 X 700^, or 1470000, which can he used at once by bringing 
down another period of three zeros. 

Since the first two figures of the next trial divisor are the same as 
those of the preceding divisor, the last figure of the root may be 
found by simple division. 10863860 divided by 1478416 gives 7 as 
the last figure of the root. 



EXAMPLES. 

Find the cube root (to three decimal places when the 
number is not a perfect cube) of 



1. 


13824. 


7. 


16.581375. 


13. 


m- 


2. 


97336. 


8. 


101847.563. 


14. 


1- 


3. 


148877. 


9. 


354894912. 


15. 


A- 


4. 


571.787. 


10. 


0.27. 


16. 


16«- 


5. 


912673000. 


11. 


0.075. 


17. 


22^. 


6. 


4019.679. 


12. 


1.025. 


18. 


33J. 
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CHAPTER XVIL 

QUADKATIC EQUATIONS. 

59. An equation- which contains the square of the un- 
known quantity, but no higher power, is called a quadratic 
equation, or an equation of the second degree. 

If the equation contains both the square and the first 
power of the unknown quantity, it is called a complete or 
affected quadratic equation. If the equation contains only the 
square of the unknown quantity, it is called an incomplete 
or pure quadratic equation. For example, 3 a" + 2 a; = 16 
is a complete quadratic equation, and 7 a* = 28 is an in- 
complete quadratic equation. 

INCOMPLETE QUADRATIC EQUATIONS. 

60. I. Solve g — + — = 3|. 

Clearing of fractions, 20x2 — 32 + 21 — 6 ac^ = 45. 

20x2 — 6 a;2 = 46 + 82 — 21. 
14x2 = 56. 
x2 = 4. 
Extracting the square root, x = i: 2. 

Since (-f 2)2 = 4 and (— 2)2 = 4, the square root of 4 is either + 2 
or — 2. This is indicated by the double sign ± {re&dplus or minus), 

Q O 

II. Solve 



x^ + 2 x^-1 

Plearing of fractions, 3x2 — 3=2x2+4. 
3x2 — 2x2 = 4 + 3. 

x2 = 7. 
»=±V7 
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Note. When the value of x^ Is not a perfect square, the value of 
X cannot be obtained exactly. It is customary to use the radical 
si^n in expressing the value of x. By extracting the square root of 7 
the value of x can be found to as many decimal places as is desirable. 



EXAMPLES. 

Solve the following equations : 

1. 3x»-6 = 2a;« + 4. 

2. 4a;«-18 = a;2 + 12. 

3. :.^-fl=jV3. 



4. 
5. 



ar + 4 



3 a;-4 



^ X 2 X Z 



7. 



a--5 



hx — \ X — 5 

8. (x - 5) (aj -f 4) + (a; + 5) (aj - 4) = 10. 

9. —~ - 12 aj 4- 60 = (3 a; - 2y, 
10. 10-^+^ = 2-^Z^. 



3a;^~4 __ 3a ;^-4 _^ 5a;^-3 _ 



12 -±-^ u. ?-Zi - 1? 
«-.l"^a;+l ^' 
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COMPLETE QUADRATIC EQUATIONS. 

61. Since x^ -{- 2 ax -{- a^ is the square of a; -f- a, the 
binomial x^ -\-2 ax will become a perfect square if a^ is 
added. It should be observed that this added term is the 
square of one-half the coeflficient of x. The process of 
adding this term is called completing the square. For ex- 
ample, if we have the binomial x^ -f- 10 ic, we obtain the 
perfect square a:^ -f lOaj + 25 by adding the square < f one- 
half of 10. 

The solution of a complete quadratic equation is based 
on this principle of completing the square. 

I. Solve a;2 + 8a; = 33. 

Adding the square of one-half of 8 to both members, 

a;2-f 8a; -f 16 = 33 + 16 = 49. 
Extracting the square root, x -f- 4 = ± 7. 
Transposing, a; =— 4-(-7or— 4 — 7. 

a; = 3or— 11. 

II. Solve 5a;2-4a; = 12. 



Dividing by 5, x^ — - x = — . 

5 5 

Completing the square, x^-— -x-|-(-) =— 4-— = 
5 \b } 2o 



64 
25' 

8 



=^-5 = ^5 

2,8 28 
* = 6 + 5^^5-5- 

X = 2 or — - • 
5 

Note 1. In extracting the square root, notice that the sign 
joining the two terms of tlie binomial is the same as the sign of 
the second term of the perfect square. 

Note 2. When the added term is a fraction, it is advisable to 
write it as a square in the first member and in the expanded form 
in the second member* 
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IIL Solve - 6a-2-fl3x = 6. 

Dividing by — 6, x^ — ^x = ^l, 

o 



nl 
w 


)*= 


-'+IS 


25 
""144* 


X — 


13 
12"" 


<■ 






« = 


13 . 5 
= 12 + 12^'- 


13 5 
12 12 




x = 


3 2 
= 2^^3- 





Note. In finding one-half of a fraction, divide the numerator 
by 2 if it is an even number; otherwise, multiply the denominator 
by 2. 

If an equation contains fractions or parentheses, it 
should be reduced to the form x^ + hx = c before complet- 
ing the square. 

EXAMPLES. 

Solve the following equations : 

7. 7x^ + 4:x = 75. 

8. 12a:2-13aj = 90. 

9. 8x^ + 6 = 19x. 

10. 12 + 17a;-5a;« = 0. 

11. a; + l = 12aj2^ 

12. '16x-lo = ix^ 

13. (x + 2) (3a; 4- 4) = 6a:2 + 17. 

14. (4a: - 7) (3a; - 7) =■• x^-2x + 7. 

15. 4 (a: + 2) =^ 3 (a; - 2) (a; - 5). 

16. (a;-5)^ = 25(a; + l)^ 



1. 


a:" + 8a; = 33. 


2. 


x^-9x = 10. 


3. 


a;" + x = 20. 


4. 


a;' - 10 a: = 24. 


5. 


3a;^-5a; = 50. 


6. 


6a;«-a; = l. 
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18. 



3 ^2x 

a;_4 2a; — 6_x — 2 
"~6 6 Wx" 



19 ^^ 65 -^'^ 1 

a; 2ic^ 

20. .-l = lj-^+?. 
a- '* 2 a; 



21. 


1 l+x_5 
1 +« ' a; 2* 


22. 


05 + 3 5 - a; ^, 


23. 


a- + 2 a;-2 
a- + 4^2a;-7' 


24. 


5-a; ' 2a;-6'~^* 


2.5 


^ 1 ^ -11 




2(^:r-l) ' a:*-l-^** 


26. 


--1 *-3 1-0 
a;_2 a;-4 + 4 


27. 


2 1 1 

3"'"a- + 4 ' 4x + 3~^' 


28. 


5 6 _ 16 

a; + l ' a; + 2^x + 4* 


29. 


''T<1\=^^^- 


30. 


^(a- + 5)+?(a;+4)=: 
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PROBLEMS LEADING TO QUADRATIC EQUATIONS. 
62. I. The sum of two numbers is 18, and the sum 
of their squares is 170. Find the numbers. 

X = the larger number; 
18 — x = the smaller number. 
a;2 + (t8 — a;)2 = 170. 
Solving this equation, x = 1 1 or 7. 
Then 18— x = 7 or 11. ^ti«. 7 and 11. 

II. A man bought a quantity of flour for $105. If lie 
had bought 6 more barrels for the same money, he would 
have paid $2 less per barrel. How many barrels did he 
buy? 

X = the number of barrels he bought. 

— - = the number of dollars paid for one barrel. 

X 

x-\-6 = the number of barrels at the second price. 

105 
— ,—1 = the number of dollars for one barrel at the second price. 

3C-I-6 

105 g_ 105 
X x-^q' 

Solving this equation, x = 15 or — 21. Ans. 15 barrels. 

Note 1 . The negative root — 21 is not applicable to the problem. 
Only those values of x which satisfy all the conditions of the prob- 
lem should be retained as answers. 

Note 2. If in the problem ** 6 more'' and '* $2 less" should be 
changed to ** 6 less" and " $2 more" respectively, the answer would 
he 21 barrels. In many cases it is possible to change the wording 
of a problem so as to form a similar problem whose answer is the 
absolute value of the negative root of the equation. 

EXAMPLES. 

1. What number is 12 less than its square ? 

2. If 24 is added to the square of a certain number, 
the result is twelve times the number itself. What is the 
number ? 
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3." Find a number such that iiine times the number i& 
greater by 4 than twice the square of the number. 

4. Divide 24 into two parts such that their product 
shall be 135. 

5. Divide 20 into two parts such that their product 
added to the sum of their squares shall give 316. 

6. The sum of two numbers is 16, and their product 
is 55. What are the numbers ? 

7. The difference between two numbers is 3, and the 
sum of their squares is 117. What are the numbers ? 

8. The sum of the squares of two consecutive num- 
bers is 265. What are the numbers ? 

9. Find three consecutive numbers whose sum is equal 
to one-half the product of the last two. 

10. The square of the sum of two consecutive numbers 
is greater by 4 than the sum of their squares. Find the 
numbers. 

• 11. The denominator of a fraction is greater by 2 than 
its numerator. If both numerator and denominator are 
increased by 3, the fraction is increased by ^. Find the 
fraction. 

12. The sum of two fractions is f|. The denominator 
of each fraction is greater by 4 than its numerator, and 
the numerator of the second fraction is greater by 4 than 
the numerator of the first fraction. Find the fractions. 

13. A number consists of two digits, one of which is 
the square of the other. If 1 8 is subtracted from the num- 
ber, the order of the digits is reversed. Find the number. 

14. A number consisting of two digits is equal to three 
times the product of the digits, and the units' digit is 
greater by 2 than the tens' digit. Find the number. 
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15. The length of a room exceeds its breadth by 7 feet, 
and the area is 330 square feet. Find the length and the 
breadth of the room. 

16. The lengtli of a room exceeds its breadth by 6 feet. 
If its length is increased by 8 feet, and its breadth by 9 
feet, the area is doubled. Find the length and the breadth 
of the room. 

17. A man divided 96 cents among a certain number of 
boys. If each boy had received 4 cents less, he would 
have received as many cents as there were b<»ys. Find the 
number of boys. 

18. A man bought some sheep for $120. If the price 
had been $2 per head less he could have bought three 
more for the same money. How many sheep did he buy ? 

19. A man hires a piece of land for $270. He uses 15 
acres himself, and lets the remainder for $3 an acre more 
than he pays for it, receiving just enough to pay for the 
whole. How many acres does he hire ? 

20. A man travelled 36 miles in a certain number of 
hours. If he had taken 3 hours more for the journey, his 
rate would have been one mile an hour less. Find his rate 
of travelling. 

21. A can do a piece of work in 16 days less time than 
B, and both together can do it in 15 da} s. How long will 
it take each to do it working alone ? 

22. A man sold a horse for $144 and gained a per cent 
equal to the number of dollars which the horse cost. Find 
the cost of the horse. 



